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1100 P. R. Masani

R? with values in the Hilbert space Lo := L2(Q, A,P;R), these values being non-
Gaussian random variables with complicated covariance structure.

In the current treatments, due to Kakutani, Ito, Segal, Gross and their followers, an
important part of this theory is recovered, even though the measure §, itself and the
difficult questions of its countable additivity, semi-variation, covariance, integration,
etc., are bypassed. Missed in such an approach, however, are interesting, difficult and
highly combinatorial results, the embryonic forms of which appear in Wiener’s later
writings.

In this paper we face the measure &, head on, adhering strictly to the canons of
the Lebesgue—Pettis theory of Banach-space valued measures and their integration.
A fundamental clue is provided by the equality (75) in Wiener’s paper, which is
conspicuously missing in the treatments in vogue. Our treatment is coordinate-free:
bases are introduced only in the last section in order to establish a nexus with the
important work of Cameron & Martin, from which the cited authors take off.

An unexpected bonus is that a combinatorial result, pertaining to integrability
with respect to the measure §,, completely resolves the difficult problem of liftings
that has appeared in the Hu—Meyer treatment of the Feynman integral.

1. Introduction

(a) On infinite-dimensional vector-valued measures

The subject of infinite-dimensional vector-valued measures has gained substantially
from two path-breaking contributions of Norbert Wiener. In the first of these, Wiener
(1923), he introduced a probability measure on the space of paths of an idealized
version of Einstein’s Brownian motion process, and thereby made possible the de-
marcation of a countably additive measure £ with values in the Hilbert space L»[0, 1],
with the potent property that its total variation measure! |£] has exactly the values
0 and oo, i.e.

(1) Range [¢| = {0, o0}
This £ is obtained by extension, starting from its definition for intervals, which is
(2) Va,be R & Vae€l0,1], &(a,b)(a) = z(b, ) — z(a, a),

where {z(t,a) : t € R and a € [0, 1]} is Wiener’s idealized Brownian motion stochas-
tic process (SP) over the probability space [0,1] with Lebesgue measure.

In the early 1930s the integration of scalar functions ¢ with respect to this £ was
defined by Paley & Wiener (1934, pp. 151-156) by a judicious recourse to integration
by parts, defined more directly by Doob (1953, pp. 426-429), and following Doob’s
footsteps for all ¢ with values in an arbitrary Hilbert space H, which obey the
requirement

3) (€(A),&(B))n=mANB) >0
by this writer (Masani 1968). For Wiener’s £, H is L»[0,1] and p is the Lebesgue
measure ¢; over R.

The more general integration of ¢ with respect to a measure £ with values in a

1 The total variation measure |¢| is defined exactly as for complex-valued measures, except for using
the L2[0, 1] norm instead of the absolute value.

Phil. Trans. R. Soc. Lond. A (1997)
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Banach space X, was begun by N. Dunford and his colleagues in the mid-1950s,
was simplified and systematized in the 1970s and 1980s in several papers by D. R.
Lewis, E. G. F. Thomas, J. K. Brooks and N. Dinculeanu and by H. Niemi and the
writer. Of these papers we need only mention the ones we will use, namely Brooks
(1971), Brooks & Dinculeanu (1974) and Masani & Niemi (1989a,b, 1992, cited as
[MN,LILIII] in the sequel). A Fubini theorem for the product measure & x u, where
p is scalar-valued, shows that the completion of the theory requires consideration
of the integration of vector-valued functions f with respect to the scalar measure
w [MN,IIT1,9.7]. Such integration had been broached much earlier in the 1930s and
1940s by S. Bochner, J. R. Pettis, N. Dunford, G. Birkhoff, R. S. Phillips, and their
followers in several important papers.

We could dispense with integrals of the type [, ¢(t)€(dt) in favour of those of the
type [ f(t)p(dt), were a substitution principle such as

_ de
[ owsn = [ a0 ol

available. But such a principle is ruled out by the stipulation (1). Thus for all £
subject to (1), the integration [p ¢(t)€(dt) is intrinsic. Furthermore, many such &
admit the implication

/ H(DE(dL) = / BOEWE) = o(t) = (1) ace.
R R

reminiscent of the familiar condition for linear independence of a sequence of vectors
(z1,...,2,), namely,

Zakxk:Zbkxk:>‘7k:1,2,...,n, ar = by.
k=1 k=1

Thus we ought to look upon many vector measures £, subject to (1), as ‘continuous’
basis for the Hilbert or Banach space in question, made up of ‘infinitesimal’ vectors
£(dt), and should look upon equalities such as

v = / S(1)E(dD)
R

as ‘expansions’ of the vector x in terms of such ‘measure basis’.

In Wiener (1938, subsequently cited as [W]), came his second path-breaking con-
tribution to the field. He introduced the p-fold product &, of his original measure
given in (2), and defined for A = (ay,b1] X -+ X (ap, by] by the product,

(4) Ep(A) = E(ar, by]-- - &(ar, bal.

The p factors on the RHS are normally distributed random variables with zero means,
which are not necessarily independent. It is easily seen that while £,(A) is in L0, 1],
it is not normally distributed and not subject to a condition of the type (3).

That the study of £, transcends the vector measure theory currently in existence
is clear from the fact that this theory is confined to measures with values in a vector
space and not in a linear algebra, whereas for the 1938 Wiener measure &, it is the
multiplication of vectors that is crucial. Moreover, an extension of the current theory
of Banach space valued measures to Banach algebra valued measures will not meet
the demands of Wiener’s measure &,, since the £o-norm, relevant to its theory, is not

Phil. Trans. R. Soc. Lond. A (1997)
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1102 P. R. Masani

a Banach algebra norm; indeed for non-independent normally distributed random
variables X, Y, we find that | X - Y|z, > |X|z, - |Y |z, Here Lo = Ly[0,1]. (This is a
trivial consequence of the lemma 2.1 on normal variates.)

Had Wiener taken the easy way, and defined &,(A) not by (4), but by the corre-
sponding tensor product

gp(A) = g(ala bl] @ f(apvbp]a

all these difficulties would have vanished. For this £, has values in the Hilbert space
{L3]0,1]}®P ~ Ly{[0,1]?}, and obeys the simple equality (3) in the form,

(€p(A), &p(B)) Lo 0,123 = €o(AN B),

where £, is the Lebesgue measure over R”. But such an escape into Fock space would
have left out the solid crust of Wiener’s theory which rests on sticking to just one
Hilbert space, L2[0, 1], for all p € N..

(b) The purpose of this paper

Our objective is to deal systematically and rigorously with the p-fold product
measures &, = & X & X --- x £ appearing on the left side of (4) and their integration,
by adhering strictly to the Lebesgue pattern outlined in the definitions (A.1), (A.9),
(A.10), (A.12), (A.14), (A.25) and (A.26) of Appendix A. In this a measure p with
values in a topological vector space X' comes first, a [0, oo]-valued p-norm |f|; , of
measurable functions f comes next, then the class G; , of p-integrable functions is
defined by the condition |f|;,, < oo, the class® P; , emerging as the closure of the
simple functions, and finally comes integration, defined as a linear operator E, on
the vector space P; , to the original vector space &X'. In our case, & is a Hilbert space,
and Py, = G1 .

We have to cope with the new questions that arise from the inhering multiplication.
One such, which demands early attention, is the determination of the inner product
(&p(A), & (B))c, in terms of familiar scalar measures, in the spirit of the equation
(3). This, and corresponding questions for integrals, are beset by severe combinatorial
complexities, to handle which we have had to work out a scheme of combinatorial
concepts. This has contributed to the extreme length and difficulty of this paper.?

(¢) Basic notation used in the paper

In order to demarcate the issues involved, and describe clearly the new results, we
must now prescribe the basic notation to be used.

1.1. Basic Notation.

(a) The symbols V and 3 stand for the universal and existential quantifiers. LHS
and RHS abbreviate left-hand side and right-hand side, respectively. The symbol :=
means equal by definition. For any set A, #(A) denotes the cardinality of A, and x4
the indicator function of A. Rstr., f stands for the restriction of the function f to a
subset A of its domain. The symbol || means disjoint.

(b) F refers to either the real or complex number fields R or C, and N to the set of

2 G, P in honour of Gelfand and Pettis, since functionals in X', the dual of X', which they use, play
an intrinsic role in yielding the norm |f|1,,, apart from which the theory is Lebesgue in spirit.

3 The writer is most grateful to the Royal Society for accepting its publication, and to Professor
C. R. Rao, F.R.S., for communicating it, and to the referee for his very careful comments. He regrets
not having the paper ready for publication in 1994, the centenary of Wiener’s birth.

Phil. Trans. R. Soc. Lond. A (1997)
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Homogeneous chaos 1103

all integers. R, N, and Ry, Ny denote the subsets of positive elements and the
subsets of non-negative elements of R and N, respectively.

(¢) The symbols (a, b], [a,b], etc., where a,b € R and a < b, denote the half-open
closed, closed, etc., intervals of R. However when m,n € N and m < n, we shall
write [m,n] for the set {m,m +1,m+2,... ,n} CN.

(d) For p € N, the space R? is defined by

R? := RMP) .= {2 : 2 is a function on [1,p] to R}.
We let
RO := {0} C R.

The symbol (a,b,...,¢) with 12 terms, where a,b,...,f € R, will stand for the
function z € R'2 such that

z(1) =a,z(2) =b,...,2(12) = L.

() For ) # F C 2% and 0 # G C 2¥, M(F,G) is the set of all f in Y¥, which
are F, G measurable, i.e. f~1(G) € F for each G € G. S(F,R) is the class of all
R-valued F simple functions on X.

(f) For topological vector spaces X and Y, and A C X, (A) is the linear manifold
spanned by A in X, and &(A) := cls(A) where ‘cls’ stands for ‘the closure of’.
L(X,Y) is the class of all linear operators on X into Y, and CL(X,Y) is the set of
continuous linear operators on X into Y.

(g) For Yy C Y a vector space, and R a ring of subsets of a set Q, FA(R,Y))
and CA(R,Ys) stand for the sets of all finitely additive and of all countably additive
measures £ on R with values in Yy. The symbols ‘FA’ and ‘CA’ abbreviate ‘finitely
additive’ and ‘countably additive’. M, := (Range¢) and S¢ := &{Range&}. (Thus
M Ccls Mg =S¢ C clsYy.) o-alg(F) is the o-algebra generated by the family F of
subsets of a set X; likewise for a o-ring(F), é-ring(F), etc.

(h) For any measure £ on a set-family F over a space A, and any integrable
function f on A, we shall write E¢(f) for the (Lebesgue or Lebesgue—Pettis) integral
S F(A)E (dX), which is defined precisely in Appendix A.

(1) Vp € NO-H argp = (2p)!/27 - pl. Thus

(1.2) ay=1 & VpeN, ay=02p—1)-(2p—3)---3-1.

The ay, increase very rapidly: ag = as =1, as = 3, ag = 15, ag = 105, a9 = 945,

(d) Wiener’s p-homogeneous chaotic measure

We must first comment on the simpler and more basic random variable-valued
measure £ over R given by (2), the p-fold product of which constitutes the measure
&, under investigation. To adopt a more general setting, let

A be a locally compact additive abelian (l.c.a.) group;

D be the 6-ring of a Borel subsets D C A with compact closures;
(1.3) Dloc:={A: ACA&VDeD,AND € D};

£ be the Haar measure on D; thus £ € CA(D, Ry, );

(Q, A,P) be a probability space and Ly := L2(2, A, P;R).

As Kakutani (1961, p. 241, ex. 2), has observed, one can define a A-analogue on D

Phil. Trans. R. Soc. Lond. A (1997)
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1104 P. R. Masani

of the extension of the random measure over R defined by (2) in terms of Wiener’s
Brownian motion SP, as follows:

1.4. Definition. Let (i) A, D, ¢, (2, A,P) and L, be as in (1.3). We say that p is the
Brownian motion random measure (BMRM) on D with probability space (2, A, P), if
and only if

(a) VD € D, p(D) is a R-valued, normally distributed random variable on (2, A, P)
with mean 0 and variance ¢(D);

(b) p is finitely additive on D;

(¢) p is independently scattered, i.e.

VneN, and V|Di,...,D, €D, p(D1),...,p(Dy)
are stochastically independent.

The existence of this BMRM is easy to show once the concepts of a Gaussian
system and Gaussian subspace, due to Kakutani (1961), are demarcated:

1.5. Definition. Let (£2,.A,P) and Lo be as in (1.3). Then

(a) G is called a Gaussian system, if and only if G C Ly, and every finite linear
combination of vectors in G is normally distributed;

(b) G is called a Gaussian subspace of Lo, if and only if (i) G is a closed linear
subspace of Lo, and (ii) each random variable z(-) in G is normally distributed.

Since Gaussian systems are independent if and only if they are uncorrelated, the
notions of ‘independently scattered’ (IS) and ‘orthogonally scattered’ (OS) measures
coincide for zero means; and using the known result on equivalence of OS measures
(cf. Masani 1968, 1.8), and the disjoint normal form for sets, we get the following
lemma on equivalence:

1.6. Lemma. With the notation of (1.3), p is the BMRM on D with probability
space (2, A,P), in the sense of 1.4, if and only if (i) {p(D) : D € D} is a Gaussian
system and each £(D) has mean 0, and (ii) p € CAOS(D, L»), i.e.

peCAD, L) & VYD,Ee€D, (p(D),p(E))., = {DnE).

It follows from a theorem of Doob (1953, p. 72), that

(17 V cardinal numbers «, 3 a probability space (£2,.4,P) & 3 a Gaussian
' subspace G of Ly such that dimG = a & Vy € G, Ep(y) = 0.

1.8. Proposition. (Existence of BMRM) Let A, D, ¢ be as in (1.3). Then 3 a
probability space (22, A,P) and 3 a BMRM p on D with probability space (2, A,P).

Proof. Following Kahane (1968, pp. 154-155), let H := L2(A, D, ¢;R) and « :=
dim H. By (1.7), 3(2, A,P) and 3 a Gaussian subspace G C Lo = Ly(92, A, P;R) such
that dimG = a and Yy € G, Ep(y) = 0. Let V be any linear isometry on H onto G,
and define VD € D, p(D) := V(xp). Then obviously {p(D) : D € D} is a Gaussian
system, p(-) is CA on D, and

VD7E€D7 (p(D)7p(E))£2 = (XD?XE)HZK(DHE)'
Finally, Ep{p(D)} = 0. Hence, by lemma 1.6, p is the desired BMRM. [ |
The fact that the BMRM p(-) is CAOS makes the theory of the integration [E,

Phil. Trans. R. Soc. Lond. A (1997)
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especially simple and elegant. The fact that the control measure ¢ of p is Haar,
makes (cf. Masani 1968, §7) p a stationary measure in the sense of Masani (1983,
def. 2.3(c)).

The hierarchy of measures §,, p € N, that is latent in Wiener’s paper [W], can be
developed by starting from a BMRM & over any l.c.a. group A. The resulting theory
is in essence the same as the one based on A = R, that Wiener considered in [W]
and which we shall follow in the paper. The following notation is germane to this
R-based theory:

1.9. Notation. (Set families over R?, for p € N, .)

D,, := the é-ring of bounded Borel subsets of R?,
B, := the o-ring of Borel subsets of R? (a o-algebra),

p
P, = { X pi.pic Dl} is the pre-ring of D;-edged intervals,

i=1
vF C 2R F¥m —(F.F e F and F is symmetric}
(thus we shall have D™, By™, Poy™),
¢, := the Lebesgue measure on D,

D, :={B: B €Dy & |(,|(B) < co}.!

Whereas Py = D; is a é-ring over R, for p > 2, P, is only a pre-ring, namely, the
pre-ring of intervals P in RP, the edges P* of which are bounded Borel subsets of R.
Obviously,

P, CD, C @p =a 6-ring C B, = (Dp)loc.

Let

(1.10) Vp e Ny, R, := ring(P,) = the ring generated by P,,.
It is well known (see, for example, [MN, I, triv. A.4(a)]) that

(1.11) Vp e Ng, 6-ring(P,) = 6-ring(R,) = D,.

Now let £ be the Brownian motion random measure over R, cf. 1.4. Then by lemma
1.8,

VD € Dy, &(D) € Lo is normally distributed
(1.12) with mean 0 and variance ¢;(D),
£isCAonDy &VD,E €Dy, (§(D),E(E))=0HL(DNE).
Briefly,
£ € CAOS(Dy,Ly) & Ep{&()}=0 on D;.

The pth measure underlying Wiener’s theory is defined to be the &, whose value at
the p-dimensional interval P := P! x---x PP, where P* € D, is the random variable

4 The natural domain of a vector measure p is a é-ring D, but the natural domains of the quasi-, semi-
and total-variations are the g-algebra D!°¢ of (1.3). It is convenient to maintain this distinction between
measure and total variation even for non-negative real-valued measures such as £,. Thus |¢,| is defined
on By and for B € By, |{,|(B) = suppep, £p(B N D) € [0,00]. Obviously, £, C |¢5] € CA(Bp, [0, o0]).

Phil. Trans. R. Soc. Lond. A (1997)
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having at each w € €2 the value
(1.13) &(P)(w) == [P} ().

Since normally distributed random variables have moments of all orders, it is easy
to see that &,(P) € Ly, and that, in fact,

(1.14) €, € FA(P,, Ls).

In our approach the key to the understanding of the FA measures &, lies in first
finding their cross-covariance, i.e. in answering the following question:

1.15. Question. Let p,q € Ny, D € D, & FE € D,. Then how is the RHS of the
cross-covariance formula

(€,(D), E4(B)) gy = -+

to be completed in terms of familiar scalar measures?

This question has to be answered first for intervals D, E in P,, P, respectively,
and then for sets in the rings R,, R,. This done, and the standard conditions for
countable-additivity and extendibility having been shown, we must answer the ques-
tion for arbitrary D and E in D, and D, respectively.

(e) On Wiener’s equality [W, (75)]

The key to answering Question 1.15 lies in the systematic and extended utilization
of the equality (75) which Wiener gave in [W] for the expectation of the product
E(Ay) - €(As)---&(Agy), where € is the BMRM over R, and Ay,..., A3, € D;. In
reading Wiener’s words, note that P is his symbol for the BMRM over R, and X
are his sets in D; and his (2, B,P) is [0,1] with Lebesgue measure; thus his P(X;, «)
is our £(A;)(w). Wiener wrote:

Remembering that if Sy,S5,...,S5, are non-overlapping, their distributions
are independent, we see that if the sets Xy, Mo, ..., Xy, are either totally non-
overlapping, or else such that when two overlap, they coincide, we have

(75) /o P(X;a) - P(Lon; ) da:ZH/O P(Xj;a)P(Zy; a) day,

where the product sign indicates that the 2n terms are divided into n sets of
pairs, j and k, and that these factors are multiplied together, while the addition
is over all the partitions of 1,...,2n into pairs. If 2n is replaced by 2n + 1, the
integral in (75) of course vanishes.

Since P(S;«) is a linear functional of sets of points, and since both sides of
(75) are linear with respect to each P(Xy; ) separately, (75) still holds when
X1, 25, ..., Xy, can be reduced to sums of sets which either coincide or do not
overlap, and hence holds for all measurable sets.

([W, p. 917]; emphasis added)®

In this the crucial idea is that of ‘partitioning 2n terms into pairs’. It is a remarkably
deep and resilient idea, which works even for a body E in RP?, such as an ellipsoid,

5 Wiener’s use of the term ‘functional’ becomes intelligible on noting that it was his habit to switch
(without warning) from P(X;; a) to the equivalent formulation {Ep (xz,)} ).

Phil. Trans. R. Soc. Lond. A (1997)
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once meaningful entities E;; canonically associated with E and the pairs (i, j) are
demarcated. Its systematic analysis requires the following notation:

1.16. Notation. (Binary-celled partitions)
(a) Vk € N, and all non-void sets M of even cardinality 2k,

IIy; := {7 : w is a partition of M into binary cells}; Iy = {0};
(b) the cells A of 7 in ITy; will be so numbered:
m={A1,A,,..., Ay}, that Vae[l,k—1], minA, < minA,q;
(¢)Vm e Iy, *m:={minA: Aer}, 7*:={maxA: A e},
=0 =07

(d)Vpe Ny & Vke[l,[p/2]],

U I

Yals

thus Vk € [0, [p/2]], II} is the class of all binary-celled partitions of all subsets of
[1, p] of cardinality 2k;
(e) Yp € Ny, Vk € [1,[p/2]] and V& € I},

M= A M =[1,p\M,.
Aer

Simple combinatory considerations show that with the notation 1.1(i),

Vpe N, Vk € [0,[p/2]] & Vmelll, #rn=k,

VgeN,, IOFCI™ & YevenpeN,, Hp/2

I,

(1,p]>
(1.17)
Vk € Noy, #M =2k = #1Iy; = agy; #H;f = (2]{;)04%,

Vpe Ny, Il ={0}; in particular II} = {0}.

With this notation Wiener’s equality (75) can be rendered as follows:
1.18. Theorem. (Wiener’s equality, form 1) Letn € N, and Ay,..., A, € D;.

Then, cf. 1.1(h),
(a) for n odd, n
EP{H&A»} -
i=1

(b) for n even = 2r,

Ep{f[lgmi)} > T € Amina): €(Amax 2)) 2,

mEl oy AETK‘

Proof. A proof along the lines Wiener indicated in [W], is given in §2. |
In terms of the measures &,, theorem 1.18 reduces to:

1.19. Corollary. (The expectation of ¢, on P,) Let p € N, and P := P! x
- x PP € P,. Then
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(a) for odd p, Ep{&(P)} =0
(b) for even p,

EP{EP Z H PmlnA S(PmaXA))Ez;

WEH[ , ]AETA’

(c) for even p,

Ep{&,(P)} = > []@{P(A)} €Roy, P(A):=pPminadnpmes,

TFEH[l ] Aer

of. (1.12);
(d) for even p and A € D, Ep{&,(A")} = 20, 2(AP/?); cf. [W, eqn (74)].

The RHS of the equalities 1.19(b), (¢) involve the p edges P!, ..., PP of P. It is not
clear what the RHS can possibly mean when P is not an interval, but some other
body in RP, such as an ellipsoid. We shall show that there is a suitable re-rendering
of the product on the RHS of 1.19(b), however, whereby it will continue to make
sense for any D € D,. This requires the intersection of D with the first ‘diagonal
skeleton’:

(120) Ilp = U U i, .[1'73‘ = {.’EZIGRP&.’L'i:.’Ej},

1=1j5=:+1
with which the space R? is naturally endowed. Wiener’s equality (75) survives re-
markably well.

This quite essential intrusion of the first and also higher order diagonal skeletons,
cf. (4.5), brings into focus novel aspects of the anatomy of the spaces RP not revealed
by the study of their coordinate hyperplanes of dimensions p— 1, p—2,...,2,1. It
interjects into the theory a large amount of complicated combinatorics, which de-
mands the introduction of several combinatory concepts. Thankfully, the extremely
technical combinatory analysis usually ensues in some aesthetically satisfactory re-
sult.

(f) New results

In §3 we first show that for p > 2, the measure ¢, deviates from &;, in not being
absolutely continuous with respect to £, (cf. 3.8). We then answer the basic question
1.15 for intervals P, @ in 3.13. In §4 we bring in the diagonal skeleton I and
give a reinterpretation in terms of it for the RHS of the cross-covariance formula in
3.13, whereby it continues to make sense for any D € D, and any E € D,. This
is done by defining for each D € D, and each k € [1,[p/2]] and each h € RP~2F
canonical coefficients vy (D, h), cf. definition 4.13, and showing that the RHS of the
cross-covariance formulae in (3.13) with ¢ < p is a sum of integrals of the type,

/R2k ’71(1) ? +k(D h)’}’k(E h )Eq,Qk (dh),

h? being a permutation of the components of h.

In §5 we show that the reframed cross-covariance equality holds for D € R, and
@ € R,. Immediate corollaries are the countable additivity and strong additivity
of &, on R, and its (countably additive) extendibility to D,. A little extra effort
shows the validity of the covariance formula itself for D € D, and E € D,. This

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

'y
fA \
o \

L A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

y \

r

A

I\
‘//\\ \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1109

accomplishes the first major objective of the paper. The equality £, x {;, = {p4+4 on
D,, x D, follows.

Our next major objective, quite difficult, is to show that the (closed) subspaces
S¢, of Ly spanned by the values of the measures £, on D, for p > 0, satisfy the strict
inclusions,

(121) S&gCS&C“'CS&pC-“; 851C853C"'CS§2P+1C"';
S§2pJ‘552q+17 p,q € N0+-

Here &, is the measure on {), {0}}, where 0 € R, such that £ (@) = 0 and &{(0)} is
the function constantly 1 on © (§§7, 8). With this new information, we show that the
orthogonal projections 7, ¢, of the measures ¢, on S&t—z and S, _,, respectively, are
precisely the absolutely continuous and singular parts of the measure &, with respect
to the Lebesgue measure ¢,,. These projections thus yield the Lebesgue decomposition
of &, with respect to ¢,,.

The covariance structure of the measure 7,, the absolutely continuous part of &,
is considerably simpler than that of &,; we have

Sy LSy, p#a & VD,E€D, (1,(D),mp(E))c, = Y L(DNE?),
0

where the summation is over the class of all permutations ¢ of {1,2,...,p} and E?
is the ¢-permutation of the set £. Letting D;™ be as in (1.9), it follows at once that

VD, E € D™, (np(D), np(E)), = pip(D N E),

i.e. mp, like &y, cf. (1.12), is orthogonally scattered on Dy, Connecting &, and 7,, we
have the orthogonal decomposition,

85p = Snp +S77p72 ++ S, San-Snk’ J#k,

the final term being S,, or S, according as p is odd or even (§9).

Turning to the Lebesgue—Pettis integrability and integration, we first deal with
the class Py ,, of all real-valued Lebesgue-Pettis integrable functions with respect
to the simpler measure 7,, and the Lebesgue-Pettis integral operator I, (§10). We
prove that

p—2[p/2]?

P1y, = L2(RP).
In this the inclusion P, C Ly(RP) is far from obvious. We then show that

1
wEW = a partial isometry on Ly(RP) onto S, C Ls,
the null space of which is the class of all functions in Ls(RP) with vanishing sym-

metrization, and that therefore the restriction of (1/4/p!)E, to the class L™ (RP)
of symmetric functions in Ly(RP) is an isometry on L™ (RP) onto S, C L,. Letting

£§ =cls U S
k=0
we obtain the following explicit orthogonal expansion:

(1.22) Va € Ly, proj(]LS) = ;,Enp(fé’),

p=0""
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where fP := dvP/dl, stands for the Radon-Nikodym derivative, and v2(A) :=
(z,m(4)), A € Dy (§11).

Integration with respect to the vector measure 7, yields a full-fledged theory of
projections of &,(D) onto S¢, : we show that for p,q € N, such that ¢ < p and p—¢q
is even,

la/2]
Proj(&,(D)[Se,) = 3 /R gD 2 (@0, DED,
k=0

In particular, we have for ¢ = p,

[p/2

]
(1.23) &) =3 [ Dy (),

k=0

Turning to the more involved integrability class P ¢, and the more involved inte-
gration E¢ , we first so define the p, k marginalization f; of f that

(1.24) fPe) = N fnE(dt,-), ae. Lo, on RPT?F - (§12)

and show that f € Py, iff for each k, f € Ly yr(. n) and f{(-) € Piy, ,,, and that
for f € Pie,, '

[p/2]
(1.25) Ee,(f) =Y E, ..(ff)  (§13).

From the formula (1.25) the cross-covariance (E¢ (f),Ee, (9)), for f € Pie,, g € Pig,,
is easily obtained as is also the formula for the expectation Ep{E, (f)}.

The next major objective, the Fubini theorem for the tensor product, hinges on
the implication

(1.26) f€Pie, & g€Pre, = fxg€Pie,,,, PqeN,.

But this is extremely hard to show, since nothing is known about the action of a linear
functional on a product of vectors (see 14.10 and infra). Once (1.26) is established,
it follows easily that E¢ . (f % g) = E¢,(f) - E¢, (g).

The inversion of the relations (1.23) and (1.25) turn out to be, respectively

(p/2]
(1.27) WD) = 0 [ D0 )
and
[p/2]
(1.28) By () = (0" [ S (1)

These Mobius inversions are very difficult to prove (§15), and require a new ‘division’
operation A|B for finite sets such that A C B, discussed in Appendix C. These
inversions establish a nexus between the 7, and [, and the Hermite polynomials in
the Kakutani format (16.2), namely,

VA e Dl, np(Ap) = Hp{gl(A)’ 61("4)}
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and

VIE€ELR) & [fP=fxfx-xf (ptimes), K, (f7)=H{Ee(f)|fl20}

where the exponent X p; indicates tensor power (§16). Combining this with the Fubini
equality, we have for mutually orthogonal fi,..., f, € La(R),

(1.29) Enp1+-»-+pn ( >:<1 fz'xpi> H pi{Be (i), £l Zl}

The last equality allows us to deduce the results of Ito, Kakutani, and Cameron &
Martin (§16).

(g) Limitations of the theory and further work

The theory given in this paper fails in regard to the general Fubini theorem. Even
in the simplest case, p = ¢ = 1, this theorem, to wit, VF' € Py ¢,,

5) Be(r) = [ { [ Fls.06 @9 beaan

cannot be articulated, since the integrand in (5), namely, the partial integral G(-)
defined on R by

VteR,  G(t) = / F(s,1)& (ds) € Lo
R

is not scalar-valued but random-variable-valued, and its integration falls outside the
ambit of Appendix A. The same difficulty afflicts the general slicing equality

£1a(D) = /R (D)6 (A1),

To overcome this limitation the integration pattern outlined in Appendix A will
have to be developed for the case in which both measure and integrand are random
variables possessing finite moments of all orders. It would be interesting to know how
the ‘stochastic integration’; so resulting, will connect with the important and widely
used stochastic integration initiated by Ito (1944).

Also opened up for future investigation are the (univariate) distribution functions
F, p(-) on R of the R-valued random variable £, (D), for p € N; and D € D,. What is
F, p(+), for instance, when p = 3 and D is the ellipsoid 2 /a®+y? /b*+22 /¢* = 17 Does
F;5 p have a density? Is it determined by its moments? Is it infinitely decomposable?

An extension in a different direction would be to work out the theory starting with
complex-valued p(D) in definition 1.4(a). It might shed new light on the quantum
mechanical bearing of the Brownian motion (cf. Wiener 1985, lec. 9; Segal 1956).

(h) Bearing on the Feynman integral

The equalities (1.24), (1.25), which depart from the existing vector measure theory,
bear significantly on the recent efforts of Hu & Meyer (1980) to explicate mathemat-
ically the Feynman integral. In their paper (1980, eqn (5)), and in the later paper
on this subject by Johnson & Kallianpur (1993) appears the so-called kth trace of a
function f on R?, which is defined on RP~2* by

(6) (Trkf)(s%ﬂ,...,sp): F(S1,815- -, Sk, Sk S2k41s - - -, Sp) dsy - - - dsg.
Rp
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The p, k marginalization f, given in (1.24), which appears quite naturally in the
theory of ¢ , is exactly (2’;) agx times this k-trace, in the special case in which f is
symmetric, cf. 12.18b, e below. Its existence is ensured by the condition f € Py,
i.e. by the requirement that f be Lebesgue—Pettis integrable with respect to the (full
fledged) chaotic measure ,. The imposition of this condition automatically provides
explicit liftings, cf. 13.18 and 13.19, and obviates the need for ad hoc searches of the
kind undertaken in recent papers on the Feynman integral.

(i) Historical remarks

While Wiener [W] did not prove the countable additivity of &,, he left enough of
a clue in the formula (75) whereby a modern researcher could get to it by first ad-
dressing the covariance question 1.15. As for the so-called ‘multiple Wiener integral’,
Wiener’s attempt to introduce it ([W], eqs (76)—(87)) is flawed.® His treatment in
both [W] and his book (1958) is incomplete by virtue of his silence on the integrability
classes Py ¢,, and his unawareness that the implication (1.26) needed demonstration.
But after these lacunae are filled in, his conclusions (including the one derived from
the flawed equations in [W]) are seen to be completely correct. See corollary 14.12
below.

Integrals, in which pairs of variables in the integrand are identical, needed for the
Feynman work, play an intrinsic role in Wiener’s 1938 paper [W] and more so in his
1958 book. Thus equation (77) in [W], where n is even and n = 2m, reads (after a
typographical correction),

Ep{ . f(tl,...,tn)i(dtl)-~§(dtn)} => - Fltrsti, ety ty) dty - - dt,,

‘where the summation is carried out for all possible division of the 2m ts into pairs’,
and where it should be added the integrand exhibited on the RHS corresponds to
the simplest of all such pairings. Such summations also appear in Wiener’s book
Cybernetics (1961, eqns (3.22), (3.23)). Situations such as those in the trace formula
(6), p. 1111, where the pairing is only of 2k out of n variables, are implicit in [W]
and appear explicitly in the 1958 book, cf., for example, equations (3.20), (3.31) for
the case n = 2,3 and the remarks for larger n on page 35 (bottom).

Furthermore, Wiener derives the integrations E,,, E,, (his Gy, G2) from E,,
E¢, by a Gram-Schmidt procedure in Wiener (1958, pp. 28-36), getting in effect the
Mébius inversions (1.28). But Wiener worked only with the very easy cases p = 2 and
p = 3, and rather cavalierly dispensed with the troubles latent in handling arbitrary
p by a remark or two (cf., for example, Wiener 1958, p. 36, last para).

To turn next to the work of Cameron & Martin (1947), their theorem 1 emerges
readily from the current paper via the implication:

npy-orthogonal expansion (1.22) & 7,-Hermite connection (1.29)

=—> Fourier Hermite Series Theorem,

cf. 16.17, 16.18. Our paper sheds no light, however, on their earlier work on the eval-
uation of scalar-valued Wiener integrals | cwy F (x)w (dz), for interesting functionals
F, where w(-) is Wiener’s probability measure over C'(R).

6 His functions f(v,-) introduced in (82) are not simple (but o-simple) and cannot be plugged into
(76). Furthermore, the inequality in (83) is quite wrong.
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Next came Kakutani’s paper (1950). His theorem too is seen to emerge from the
previous implication:

np-orthogonal expansion (1.22) & 7,-Hermite connection (1.29)

—> Kakutani’s Isomorphism Theorem,

once it is noted Kakutani’s isometry W, (defined in Kakutani (1950, p. 321)) is the
inverse of ours, more precisely (p!)~'/?E, =W, cf. 16.7.

We now come to Ito’s important paper (1951). Ingeniously, Ito defines a (mea-
sureless) Daniel integral I,(-) on Lo(RP) with values in a Gaussian-Hilbert space.
By an outstanding tour de force he shows that I, ..., (X5_, f7) is equal to the
Hermite polynomial product on the RHS of our (1.29) when fi,..., f, in Ly(R) are
orthogonal. Then invoking the Cameron—Martin Theorem, he obtains the orthogonal
expansion for z in the form Z;O:o I,(fp). The implication involved in his proof thus
runs:

I,-Hermite connection & Cameron-Martin Theorem

= I,-orthogonal expansion.

This appeal to the Cameron-Martin theorem is dispensable, however, for it turns
out that in fact I, = E, . The demonstration is straightforward, though not trivial,
cf. 13.21. Thus Ito’s theorem is equivalent to (1.22).

Ito’s designation of his I, as a ‘multiple Wiener integral’ is a misnomer, since
nothing akin to 7, or I, appears in Wiener’s 1938 paper. The fact that Wiener’s
objective in [W, §12] was limited to the task of approximating a p-chaos by a p-
polynomial chaos, together with the fact that the Cameron—Martin theorem is a
crucial ingredient in Ito’s proof, shows that the current designation ‘The Wiener—Ito
expansion’ for the I,-orthogonal expansion should give way to the more accurate
‘the Ito—Cameron—Martin expansion’. It must be recalled, however, that in a report
(1942) entitled ‘Response of a non-linear device to noise’, Wiener initiated the use of
multiple integrals of the Brownian motion to analyse nonlinear transducers, and this
eventually did lead him to the ‘Wiener—Ito’ expansion, which he presented in his 1958
book, without use of the Cameron—Martin theorem. The Kakutani—Ito approach was
further developed by Neveu (1968) and others (cf. Gross 1976).

While the results of Cameron—Martin, Kakutani and Ito mentioned above are
deducible from ours, the converse is not true. Their theories cover at best only the
easy 7, measure and its integration; the measure &,, the inclusions between the spaces
Se,, as in (1.21), the projection results and the &, 1, relationships (1.23), (1.27) are
lost.

Different in this regard is the Memoir of Engel (1982): our important theorem that
&y is CA on D, (§5) is a special case of his theorem 4.5 on the countable additivity
of the product o, of random measures 7, ...,7,. Engel’s 7; over R are akin to our
& of (1.12), except that the 7; are not assumed to be Gaussian. Engel’s proof of his
theorem 4.5 is strange, and he does not address the question as to what the covariance
(0,(D),04(F)) might be. It is not clear that this question can be answered, for the
restraints that Engel imposes on the 7;, to compensate for their non-Gaussianness,
might not be strong enough to provide an equality akin to Wiener’s (75).

In view of this limitation of Engel’s Memoir, it is of no help to us. To get our
covariance equality, we would have to revert to Wiener’s (75), and this would mean
retracing the steps in §§3, 4.
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As should be evident from the discussion above, some discipline with regard to
combinatorial issues is essential to pursue our goals. In the rest of this section, we
explain our special notation and conventions governing such matters. More specific
ancillary material is covered in the Appendices A, B, C.

() Cartesian products

Let £,m,n € N, and let A CR*, BCR™, C CR" and r := ¢+ m + n. Then, cf.
1.1(d),

AxBxC:={f:feRMT=R"(f(1),...,f(0) € A,
(fl+1),....f(t+m)eB & (fl+m+1),....,f(l+m+n))eC}.

For instance, if A is a rectangle in R? and B is an ellipsoid in R?, then
AxB={f:feRM & (f(1),f(2) €A & (f(3),f(4),f(5) € B}
={t:t€R® & (t1,t2) € A & (t3,t4,t5) € B}.
More formally:

1.30. Definition. (Cartesian product) Let n € N, & Vi € [1,n], p; € N, & A; C RP:,
and write pg = 0. Then

X A=A x---x A,
=1

= {f: feRbmtFml & Ve[l n],
(flpo+ -+ +pici+1),..., f(po+ - +pic1 +1i)) € A}
Thus with every such Cartesian product P is associated with an r € N, such that
P CR", namely, r =p1 +p2 + - + p.
(k) The restriction operator on RP

1.31. Definition. Let p € Ny & 0 # M = {iy,...,im} C [1,p] & 1 <iy,...,im < p.
Then gy, is the operator on R? into R™, such that

VteRP & Vae[l,m], [on ()] () = t(ia).
Briefly, o (t) = (¢(41), t(i2), . .., t(im)) € R™. For § = M C [1, p], we define pp(t) =
0 € RO

Note. Notice that V¢ € RP, the domain of the function gy (t) is not M but
[1,m] = [1,#M]. Thus py # Rstr.ys and Range pyr € RM, but pur = Rstr.ji m)
and Range py; C R™. Indeed

o € L(RP,R™).

Only the number m := #(M) is involved on the RHS. The set M contributes only
to the values of the function py(t).

1.32. Definition. (Induced restriction) (a) Let () # M C [1, p]. Then
VA CR?, pm(A) = {om(f): f € A}.

(b) Let m € [1,p], M = {i1,i0,...,im} C [L,p] &1 < iy < iy < ... < iy < D
Then

VACR™, oy (A):={t:teR? & pun(t) € A},

Phil. Trans. R. Soc. Lond. A (1997)
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i.e. py; (A) is the M-cylinder in RP with cross section A C R™.

The borderline case M = () recurs in the paper. For the restriction gq it induces,
one can easily check that

{0}, if A#0,

1.33 Vpe N, & VACR?, A) =
(133 VpeN, R po(4) {Q N

(1) Intervals and their faces

Let p € Ny and P!,..., PP C R. Then we call P := P! x --- x PP an interval in
RP. The following notation is very useful.

(134) V intervals P of R & VM C [1,p], we write Py := o (P),
' and call Py the M-hyperface (briefly, M-face) of P.
We leave it to the reader to verify the following triviality:

1.35. Triviality. (On Py) Let p € N, P:= P! x ... x PP where P',... PP C R,
and let M C [1,p]. Then

(a) for M =0, Pyy = Py = {0} =R

(b) for M # 0, say M = {i1,...,im}, 1 <iy <...<4, < p, we have

Py =P x .- x P'm CR™.

From this result we see that P, is an m-dimensional hyperface of the p-dimensional
interval P.

(m) Permutations, symmetry and symmetrization

(1.36) VpeN,, Perm(p) := {¢ : ¢ is a permutation on [1, p] onto [1,p]}.
1.37. Definition. Let ¢ € Perm(p). Then

VEERP, 1P :=t0¢ = (tsa)lo@)--- o)

VACRP, A =¢ YA ={t:tcR" & t*c A},

VA C RP, Ais symmetric iff V¢ € Perm(p), A? = A.

1.38. Triviality. Let ¢ € Perm(p) & A C RP. Then
te A ot ¢ A te Aat? e A?; 7 e Aete A°.

1.39. Definition. Let f be a function on R? to R. Then
(a’) V¢ S Perm(p) & vt €~ RP’ f¢(t) = f(t¢) = f(t¢(1)7 cee 7t¢(p))7
(b) the symmetrization f of f is defined by

.1

— ¢ p.

= p E f® on RP;
pEPerm(p)

(c) f is called symmetric iff V¢ € Perm(p), f¢ = f;
f is called antisymmetric iff V¢ € Perm(p), f¢ = (sgn¢)f.
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The following propositions are obvious.

1.40. Proposition. Let p € N,. Then
(a) VAy,..., A, CR & V¢ € Perm(p),

P
(A x -+ % Ap)qﬁ_1 = Ay X - X Ayp) & >_<1 A; is symmetric & Ay =--- = Ap;

(b) Py = {AP: A € Dy}, cf. 1.9;
(¢) the symmetric subsets of RP form a o-algebra over R?;

(d) Ryy™, Dpy™, BY™ are respectively a ring, a 6-ring, and a o-algebra over R?, cf.
1.9, (1.10).

1.41. Proposition. Let p € N,. Then
(a) Vfi,..., fp on R & V¢ € Perm(p),
(frxx f)? " = foy XX fo & fix--xf, is symmetric & fi == fy;

(b) the symmetric functions on RP to R form a linear algebra with unit 1 that is
closed in the pointwise convergence topology.

Also obvious is the following:

{ VAeRP & V¢ € Perm(p), (xa)?= X¢—1(A)>

(1.42) . - : )
A is symmetric iff x4 is symmetric.

Slightly less obvious are the following results:

{ If B € BY™, then 3 a sequence (D,)52,; in D™

(1.43)
such that D, T B,, as n — oo.

(1.44) If f e M(B,,B;) is symmetric, then 3 a sequence (s,)2, such
' that s, € S(BY™,R) 3 5,(-) = f() & |[sn(-)| < |f(-)] on R

(1.45) { Every symmetric s in S(B,, R) has a representation

S0 by, where By € By
As for the symmetrization, we have
(1.46) ViR toR & VieR,  [f(0) <|fI7(2).

Part I. Chaotic measure theory

2. The Venn expansion and proof of Wiener’s equality (75)

Since Wiener’s equality (75) in the format 1.18 is central to the entire paper, we
shall indicate its proof. This depends on two lemmas. The first of these lemmas,
which we shall take for granted, concerns products of random variables obtained
from independent normally distributed random variables:

2.1. Lemma. Let (i) z1,...,2, be r independent normally distributed random
variables over (2, A, P) such that

EP(CCZ) =0 & EP(JZ?) = (512 > 0.
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(ii) (yx)p_, be a sequence with range C {x1,...,z,} and n; be the frequency of x;
in (yr)p_, (thus0<n; & >, n; =n). Then

(a) V odd n,

Ep (H yk> =0;
k=1

(b) VY even n = 2m, cf. 1.1(i) and 1.16(a), (b),

EP(H yk) Hanlénl = Z H ymmAvymaxA)
k=1

w€llfy ) AET

n (b) the second equality rests on the fact that the product on the RHS is non-zero
only for those m € IIj; ,,) for which for each cell A € 7, we have Ymin A = Ymaxa =
same z;, and therefore (Ymin A, Ymax A)c, = 02

The second lemma specifies the expansion implicit in the Venn diagram of the n
edges of an interval in R™:

2.2. Lemma. (Venn expansion) Let

()neNy, Ay,...,A, CR& A= X]_| A

(ii) (Bi1,...,Ban_1) be the sequence of cells in the Venn diagram of the family
{A1,...,A,} (in any order) that are inside | J;_, A;; thus

@gngR & UBj:LnJAi,

(i) Vi € [1,n], N;:=={j : j € [1,2"—1] & B; C A;} (so that each A; =

Then Vi, j, k,... € [1,n],1,],k, ... distinct, we have

(a) #N; = 2" #(N; N Ny) =2"72 L #(N_ N;) = 1;

(0) Ai =Ujen, Bj & B;||By for j # j';

(€) A= U, en, U en, (Bj, x - x Bj), and the (2"~1)" = 2"~V intervals
on the RHS are ||.

Proof. (Gist) (a) is obvious. As for (b), NN; is the set of subscripts j for which B,
is the jth Venn cell included in A;, and so A; = UJeN B;. The Bj;, being Venn cells

are of course ||. (c) follows on substituting from the last equality in A = X _, A,
and simplifying. ]

B])‘

JEN;

Gist of proof of theorem 1.18. Let the notation be as in 2.2. We need prove part
(b) only for n even. Then Vi € [1,n], by 2.2(b),

(1) §(A) = D &(By) = 3 xw.(5)E(By)

JEN;

Hence by the generalized distribution law,

n 2m 2mn
[TcA) =" > xmG)é(Bs) - X, (30)E(B,)
i=1 j1=1 Jn=1

o

.
=3 Y by (B - €(By),

Jj1=1 Jn=1

Phil. Trans. R. Soc. Lond. A (1997)
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where b;, . = xn, (J1) - xw, (Jn). Thus

@) Ep{HaAi)} =SS b B {E(By) (B, )

Jji=1 Jn=1

Now any two of the B, - - - B;, are either identical or ||. Hence letting y;, := £(B;, ),
the sequence (yj)}_; satisfies the premises of 2.1. Hence by 2.1(b),

(3) Ep{¢(B;,) - &B;) = > [[E€Bs.. ) 6B A))ea-

TFGH[I n] Aem

It follows from (3) that

RHS(2 Z me i > TEB), 2) 6B, )i

Jj1=1 Jn=1 WGH[l n] Aem

The ) ., can be brought out. Hence to get 1.18(b) we need only show that

2" 2"
Vi € My, ST b [T EBs 2) 6By A))es

1=l ja=1 Aem
M = [T, 00 8 )z
Aem
We leave to the reader the cumbersome but routine proof of (I), based on expanding
the inner products on the RHS of (I) by means of (1), and simplifying. |
Recall, cf. proposition 1.40(b), that
Vn € N, PepP™ <— 3JAeD,>P=A"

i.e. an interval in P,, is symmetric iff it is a hypercube A", A € D;. This justifies the
following terminology:

2.3. Definition. Let n € N and P € P,,. We say that

(a) P is hyposymmetric iff P is a Cartesian product of || symmetric intervals, i.e.
iff 3r e N, 3| 4y,..., A € Dy & Ing, ..., n,. € N, with n; +---4+n, = n such that
P=X_ A",

(b) P is permutation hyposymmetric iff 3¢ € Perm(p) > P? is hyposymmetric.

Ezample. Let Ay, Az, A3 € Dy be ||. Then

P:ZAlXA3XA1XA2XA2XA1XA3XA3€P8

is permutation hyposymmetric, since there exists a ¢ € Perm(8) such that P? =
A3 x AZ x A3, is hyposymmetric.

In this terminology the Venn expansion in lemma 2.2(c) can be recapitulated as
follows:

2.4. Theorem. Letn € Ny, A;,..., A, CR & A:= X _, A;. Then Im = 21|
permutation hyposymmetric mterva]s By ---B,, CR"” such that A = Uk_l B

Proof. With the notation used in 2.2, we see that the ji, jo,. .., jn, which index
an interval B;, ;. := Bj, x B;, x --- x B; € P, on the RHS of 2.2(c), need not
be distinct. In other words, two or more sides of Bj, ;. can be the same. By a
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Homogeneous chaos 1119

suitable permutation ¢ in Perm(n), we can bring the repeated subscripts together,

thereby obtaining an interval (B;, ;. )? = C7* x C3? x -+ x C¥, where r € [1,n]
and vi,...,v, € N, & vy + -+ v, = n. In this C,Cs,...,C,. C Dy are ||, since
By Byr_y are ||. Thus (Bj, ;,)? is hyposymmetric and B, is permutation
hyposymmetric, by 2.3(b).

Thus 2.2(c) reduces to

1eJn

A= U U lemjn’

jl eNl ]neNn
i.e. Ais a union of m = 27"~ 1|| permutation hyposymmetric intervals. |

Theorem 2.4 has an important bearing on the structure of the measures £, on P,.
We first note that from proposition 1.40(a) and the definition (1.13) of &, it follows
readily that

(2.5) VP e PP & V¢ € Perm(p), £,(P?) = &,(P).

We now assert the following result on the structure of &,(P).

2.6. Corollary. Let p € N, and P € P,. Then 3r = 2°P~Y|| hyposymmetric
intervals Q1,...,Q, € P, such that

&(P) = pr(Qk)
k=1

Proof. By 2.4, Ir = 211(17_1)” permutation hyposymmetric intervals Q1,...,Q, in
P, such that P = J,_, Q. Since, cf. (1.14), &, is FA on P, it follows that

(1) &(P) = & (Qu).
k=1

But since @, is permutation hyposymmetric, therefore 3 a hyposymmetric interval
Qr € P, and 3 a permutation ¢, € Perm(p) such that Q) = f’”’, whence by (2.5),
£,(Qr) = £,(QY) = £,(Qx). Hence (1) reduces to the desired equality. [ |

3. Wiener’s p-homogeneous chaotic measure on the pre-ring P, of
intervals

In (1.13) we defined for any p € N, the p-homogeneous chaotic measure &, on the
pre-ring P, of intervals of R” with edges in D; and noted that &, € FA(P,, Ls). For
completeness we have to include the trivial case p = 0, and to this we first attend:

3.1. Extension to the case p = 0. Since, cf. 1.1(d), R = {0}, we define &, on the
trivial algebra Ag := {0, R°} over R° by

L) :=0eLly & &R =6({0}):=1()€ Ly,

where 1(-) is the constant-valued function with value 1. Likewise, we define £y(-) on
.AO by

L) :=0eR & £H(R%) =4,({0}):=1€R.
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Trivially, § € CA(Ay, L2), ly € CA(Ap,Roy). Note that every real (or complex-)
valued f on R? is Aj-measurable, that

f)to(dt) = f(0),
RO

{/RO f(t)go(dt)}(.) _£(0) on Q.

It follows from 1.14 and 3.1 that
(32) Vp € Nog, fp S FA(PP, ﬁg)

and that

The following lemma on the raw moments of §,(P) is important:
3.3. Lemma. Let p € Noy. Then VP € P, and Vr € Ny, {(P) € L, =
LT(Q7 A? P; R) &
6p(P)Iz, = Ep{|&,(P)"} < v - [6,(P)]72,
where
) am, if n is even,
T amA 2 /(2/x), ifn s odd.
Thus, §,(P) has finite (absolute raw) moments of all orders r € N.. In particular
gp(P) €Ly & |£p( )lﬁz O‘2p£ (P)
Proof. Let P := P' x --- x PP € P, and r € N;. In the generalized Schwartz
inequality for non-negative random variables X, ..., X,:

p P 1/p
M) 5e(1]%) < {ITE00}
i=1 i=1

take X; = |&(P?)|". Then, since & (P?) is (0,£;(P')) normally distributed, we have
for its rpth absolute raw moment:
Qpply (P)TP/2 if rp is even,
2lre/ 2 rp 2014/ (2/7) - £1(P)™/2 | if rp is odd,

= Ypply (PH)P/2,
It easily follows that RHS(1) = ,, - £,(P)"/2. Next,

Ep(X7) = Ep{|§(P)|""} = {

HX Hl& W = |&(PY) - &(PP)[" = |&,(P)]".

i=1
Thus (1) reduces to

EIP’{EP(P”T} < 'erep(P)T/2'
||

From (3.2) and vector-measure theory we know that £, has an FA extension to
R,. Denoting this extension by the same symbol &,, we have

(34) Vp S N0+, é-p € FA(RP, £2>

Phil. Trans. R. Soc. Lond. A (1997)
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The inequality in 3.3 notwithstanding, ¢, is not absolutely continuous with respect
to £, (in symbols, &, 4K ¢,). This is best shown by first showing that & <k ¢, and
then adapting this result for p = 3. For p = 2, we apply Wiener’s equality 1.18(b)
taking p = 4 and P! = =Ae€D;and P? = P4 B € Dy; thus

(£2(A%),&(B?)) EP{H& } = (1(A)0(B) +2{t,(AN B)}*.

From this we easily get the following estimate for the £, measure of finite unions of
Al,...,Anepl & A17...,An are ||

|| squares:
n 2 n 2
S o)

This in turn suggests the following example to refute the absolute continuity of &;
with respect to 5.

3.6. Exzample. (§3 <K ¢2) We consider the binary subintervals of (0, 1]:

(3.5)

(0,3) [31]
0, %) (o3l (53 (3.1
(0,1/2" (1/27,2/2"] ... ((2"—1)/2"1]

Denoting those on the nth row by A, 1, A4,2,..., A, 2n, we see that

n

Vn > 1, £1<U An,k> = 0,(0,1] = 1.
k=1

Hence letting R, := Uin:l(An,k)z, we see from (3.5) that

(1) Yn € N, |&2(Ry)| = 1.
But
2”L 2’71
VneNy, LR =S 6(42,) = (/272 = 1/2".
k=1 k=1
Hence ¢3(R,,) — 0, as n — oo. Thus § 4K £5. [ |

The adaptation of this example to any p > 3, by the consideration of cylinders
based on the squares A? ;, hinges on the followmg lemma:

3.7. Lemma. Let A,B,C € D; and p > 3. Then
(£p(A% x CP7%),&,(B* x CP7%))z, 2 anp-a(€2(A%), &2(B?)) 2, - 11(C) 2
Proof. Let a stand for the LHS. Then by (1.13),
a = Ep{€:(A)*6(C)P7*61(B)*6(C)" 7} = Ep{&1(A4)*6(B)*&1(C) "~}
(1) = > JIa{ra)} by ri9@),

melly 2p) AET
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where P:=AX Ax Bx BxC x---xC, with (2p —4)C’s, and so P € Ps,,.
Now given any m; € II}; 4y and any my € I}5 2p), we have 7 := 7y Umy € Il 2. For
this 7,

(2) H L{P(4)} = H 6{Q(A)} - H 6{R(A2)},

Aen Ajem Agems
where Q = AXx AXxBxBe P, &R=C""* ¢ P2p—s. Denoting by H[?Qp] the
subclass of II}; 5, made of such decomposable 7, we see from (2) that

S [Jateay= Y [ a@any- S I afra

'/rEH[1 2p] Aem w1 €1l 4 A1€ET 7r2€H[5 2p] Azems
(3) = Ep{6(Q)} - Ep{&op-a(R)}.
Since Ij1 2p) O 11 5, it follows from (1) and (3) that
(4) a 2 Ep{&4(Q)} - Ep{&2p-a(R) }-
But
(5) Ep{&(Q)} = Ep{62(A%) - &2(B?)} = (&2(4%),&(B?)),
and by 1.19(d),
(6) Ep{€2p-1(R)} = Ep{&1(C)* ™"} = agy—ala(C)P 2
Substituting from (5) and (6) in (4), we get the desired inequality. [ |
3.8. Ezample. (§, 4 ¢, for p > 2) Let p > 3 be fixed, and let
2"1
VneNy,  Ry=JAnrx[0,1772),
k=1

where the A, are as in 3.6. Since for k € [1,2"], the sets A7 ; x [0,1]P=2 are ||, we
have, writing C' = [0, 1],
271

(Ra) =D &(A7%, x C772).

Hence by 3.7,
on on

(1) Ep(Ra) (2, = D0 sy a(€a(A2 ), (A% ) e, - 1(C) 2
i=1 j=1

But by the inequality 3.6(1),

RHS( = Olgp—4 > Qop—4.

(U

Thus by (1), Vn € Ny, [,(R")|? > asp—4. But again

on

271
(,(R™) = ZE 2R X CPT) = 0 (An ) o (CP72) = 1/27,

Hence ¢,(R,,) — 0, as n — oo. Thus §, K £,. |
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Example 3.8 reveals the complexity of the measure &, vis-d-vis the measure &;, of
which it is the product. The complexity of the £, is more fully revealed by the cross
covariance formulae for (§,(P),&,(Q)), for P € P, and Q € P,, to which we now
turn.

To obtain this cross-covariance we apply Wiener’s equality 1.18 to the sequence of
the edges of P, Q:

(1) (P, P?%,... PP,Q" Q% ...,Q%.

From 1.18(a), we see at once that
(39 VPeP, & VQeP, (&p(P),&4(Q))z, =0, if p+ ¢ is odd.

To deal with the case of even p + ¢ = 2r, we note that since

(fp(P)»gq(Q))ﬁz = (gq(Q%gp(P))ﬁz’

we can assume, without loss of generality, that ¢ < p. After applying 1.18(b) to the
sequence (Ag)?Z; given by (1), we have to suitably partition the class IIj; o, into
subclasses of partitions in order to express the answer in terms of the intervals P, ()
and their hyperfaces. }

Recall that for P = X?:,l P* CR™, the set M C [1,n] determines the hyperface of
P generated by the sides P* of P for which i € M. As we saw in 1.35, this hyperface
is

Py = X PICR™, where m=#M & Py={0} =R
ieM
Recall the notations used in 1.19(c). They are worth standardizing:

For P= X PieP, & A={i,j} & 7 € Iy,

=1

where M C [1,n] has even cardinality 2m,
(3.10)

P(A) =P NP & P(r):= X P(A)€P,.

Aer

When m =0, i.e. M =0, we define P(7) = P(A) = {0}.
For the Lebesgue measure of P(7), we write, cf. 1.16(d):
(3.11) VneN,, Vmell,[n/2]] & Vmel, a(P):=¢{,{P(m)}.

T

For m =0, cf. 3.1, al}(P) = aj(P) = 1. For m > 1, aZ(P) = [[ sc. ¢1{P(A)}. Hence
by 1.19(b).

Veven n and r =n/2,

(3.12) ST oanp)= Y ] alP(a)) = Ep{c.(P)}.

7(‘617;:/2 7T€H[1m] Aem

With the notation (3.11), Wiener’s equality can be formulated in the following
way, which yields the desired covariances:

3.13. Theorem. (Wiener’s equality for the cross-covariance) Let
(i) p,q € Ny be such that p+ q = 2r is even and q < p,
(i) PeP, &Q € P,.
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Then, with the notation 1.16 and (3.11),
[q/2]

(a) when g < p, (§(P),&(Q))z, = Y TP (P,Q) € Roy, where
k=0

P = > > a(P)y(Pu, N Q%),

¢EPerm(q) wen(p /2

& for k € [1,]q/2] — 1],
PP =y, oY ak (P)al (Q)g-an{(Par,) N (Qury ),

pEPerm(q—2k) 7r1€]71( QGH]::Z

where M = [1,p\M,, M} := [17‘1]\sz’ and

s

dYooar(P) Y al,(Q) =Ep{&,(P)} - Ep{&(Q)}, g even,

771617[ /2] 7T2€H[ /2]
[‘Pq (P Q) = p q
lg/2]\" >
Z Z (Q)fl(PM/ NQun;, ), q odd.
7716[7[ /21 7726]7[(1/2]
lg/2]
(b) when g = p, (§(P),&(Q))c, = > T{(P,Q), where now
k=0
TEUPQ) = Y £(PNQ?),
¢pEPerm(q)

and Vk € [1,[q/2]], I} (P, Q) is given by the formula in (a) with p replaced by q.

Proof. We apply 1.18(b) to the sets

A17 A21 s 7Ap7 Ap+1 e Ap+q = A2r7
(1) where
Vi€ [].,p], AIZPZ & \V/je [17(]], p_t,_] Qj
Call a cell A € 7w € IIPT? ‘good’ iff 1 < min A < p < max A < 2r. Let
+q . . + ¢ )
P4 = {m:m e I’ has p ‘good’ cells}.
We then have the || decomposition
la/2]
e i
and the equality in 1.18(b) becomes
la/2]

(2) (& (P) => > I[atay

k=0 GHP+<1 AETr

Now let 1 < k < [¢/2]. Then to each 7 € Hf;q% corresponds first , sets M C [1, p],

L C [p+1,p+q] such that #M = (p—q)+2k, #L = 2k, and therefore #M' = #L' =
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q — 2k, where M’ := [1,p]\M, L' := [p+ 1,p + q)\L; second, a one-one function ¢
on M’ onto L'; and third, partitions my € Iy, w3 € II1, such that

m=m U{{i,y(i)}: i€ M} Uns.

Whence
[T 6ty = IT afa@y- I atain a0} I] aiaa)
(3) = H 6{P(A)}- H 6{P'nQ" P} H 6{Q(A)},

Aem €M’ Aemy

where 7y := {A — {p} : A € w3} € IIxy where N := L — {p} C [1,q], cf. (1). Clearly,
m € Hf(p_ )4p, and o € I, Also, ¢(i) := (i) — p, defines a permutation ¢ of [1, g].
When & = [g/2], M' is either void or has cardinality 1, depending on whether ¢ is
even or odd; but the result (3) still holds, on condition that we replace the superscript
(1) — p by i in the second factor in case ¢ is odd, and remove this factor itself in
case ¢ is even.

On substituting from (3) into (2) and simplifying, we get (a). The result (b) follows
as a special case. |

3.14. Remarks. (Inner product formulations) The equality in (1.12) allows us to
restate the definition (3.11) of the coefficients a? (P) in the form

(IZ(P) = H(fl(PminA)7£1(PmaXA))£2'

Aem

By substituting the corresponding expressions for a? (P), aZ, (Q) in 3.13, the cross-
covariance equality can be stated in terms of such inner products. Such expressions,
while cumbersome, are useful in suggesting the formulae which prevail for integrals
instead of measures.

Since, cf. (3.4), ¢, € FA(R,,Ls), where R, := ring(P,), to show that ¢, is CA
on R, we need only show that for any sequence (R,)22, in R, such that R, | 0,
we have [£,(R,,)|z, — 0. This requires the extension of the covariance theorem 3.13
from P, to R,. (Note that since &, € FA(R,, L,), it makes sense to speak of the
covariance (§,(R),&,(5))c, for R, S € R,.) To get this extension, however, we must
confront the fact that whereas the hyperfaces of the intervals P, ) occur in the terms
in the expansions in 3.13 and 3.14, the concept of hyperface has no meaning for the
sets in R, still less for sets in D,, such as ellipsoids or toroids. Hence before we can
extend 3.13 beyond the pre-ring of intervals, we must reformulate theorem 3.13 in
an interval-free fashion, in which hyperfaces are effaced, and only the intervals P,
Q@ and the anatomy of the spaces RP, RY are involved. This is undertaken in §4; see
(4.20) and 4.21. From here on (-,-) will stand for (-,-)z,.

4. The diagonal skeletons and the canonical coefficients

A clue as to how the Wiener equality in 3.13 may be freed from dependence on
intervals and their hyperfaces may be had by considering the simple case where
p=¢q=2, and P, Q are coordinate rectangles in R?. Let I = [x = y] be the main
diagonal in R?, ¢ the transposition in Perm(2), and g, the projection onto the z-axis
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(or the y-axis), and note that for P = P! x P?
PNI={(P'NnP?)x (P nP)}nNI,;
whence (P N 1) = P'N P2 Hence by Wiener’s equality 1.18(b),

(&(P), &(Q)) = E{&(P1)E(P)E(Q1E(Q)}
=0H(P'NQYL(PPNQ?) + 6L(P n@H) L (PPN QY)
+0 (PN P2 (Q N Q%)
=6L(PNQ) +L(PNQ?) + Llpi(PNI) x pi(QNI)).

Now the RHS of this equality continues to make sense even for non-intervals P, @) in
R2, e.g. for P an ellipse and @ an annulus. This suggests that even for RP, we may
be able to extend the covariance equality 3.13 beyond the intervals, by bringing in
the diagonal hyperplanes of RP.

This section begins with the diagonal anatomy of R? and its effects on the measure
¢,. It is overwhelmingly combinatorial. The only measures that show up, apart from
the Lebesgue, are new non-negative ones concocted to serve combinatorial ends.
Vector measure comes in only at the tail end where the nexus with the covariance
equality 3.13 is finally established.

Let p € NT. The space R? has (’2’) diagonal hyperplanes obtained by setting two
coordinates equal. Their union plays a crucial role in the theory. We let

Vp=22, Ii={r:zeRP &a=ux;} 1<i<j<p

(4.1) I = U U s

I =0 = I?;
VpeN,, RP:=RP\[’.

I? is called the first ‘diagonal skeleton’ of RP. For p = 2, I? is just the main diagonal
of R2. Tt is convenient to include the trivial cases p = 1 and p = 0 in (4.1), as just
done.

It is evident that the first diagonal skeletons of R?, R? and RP*? are related, and
that the removal of I? from RP, results in the dissection of R into a number of
disjoint ‘half-spaces’, akin to the two diagonal half-planes of R?. The next result
gives the precise renditions of these facts:

4.2. Proposition. Let p,q € N,. Then
(a) P  ptq
= xryulJ |J BU®ex I,
i=1 j=p+1
q ptq
=@ xryulJ | U ® <),
i=1 j=q+1

where the Cartesian products are as in 1.30.
(b) Letting V¢ € Perm(p),

Sg = {t:t:(tl'--tp)GRp&t¢(1) <"'<t¢(p)},

Phil. Trans. R. Soc. Lond. A (1997)
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we have
RE=R\If= |J S & ShIs) o#v.

¢pEPerm(p)

The proof, which is routine, is omitted. Since by (4.1), I} = ), the first and second
border terms on the RHSs of 4.2(a) drop out according as p =1 or ¢ = 1.

Also important for our purposes are the intersections of just those diagonal hy-
perplanes that arise from the binary-celled partitions of subsets M of [1,p] of even
cardinality 2k, cf. (1.16):

4.3. Definition. Vp € Ny, VM C [1,p| such that #M is even, & Vr € II,y,
I(m,p) = ﬂ I, where I} :=1"

min A,max A?

cf. (4.1).

Aem
For M =0 & 7 € Iy = {0}, cf. (1.16)(a), we define I(m,p) = I(0, p) := RP.
It follows readily that
(a) YpeNy, Vke[0,[p/2] &V e I,
I(m,p) is a (p — k)-dimensional subspace of R?;
thus dim I (7, p) = p — #m, & when k > 1, I(m,p) C 17,

(4.4) (b) Vevenpe Ny &Vre Ily, diml(m,p)=p/2;
[p/2]
(¢) V¥p,qe N, Vme U I}, I(m,p) xRT=I(m,p+q),
k=0

of. (1.16)(d).

We shall call the union of all I(w,p) for m € IIy;, as M ranges over all the 2k
membered subsets of [1,p], the kth diagonal skeleton of RP, in symbols:

(4.5) Vke0,[p/2],  If= ] I(r.p).

This yields I} := RP, and in particular I} = R. These higher order skeletons will
be encountered as carriers of certain intrinsic measures, cf. 4.15 and 5.2, and will be
studied further in §7.

Also important are the cross-sections of I(m,p) obtained by fixing the p — 2k
unrestrained coordinates, which we now introduce:

4.6. Definition. Let p € Nt and k € [0, [p/2]]. Then Vr € II and
Vh = (h',h%,... hP2k) € RP72F,
the h-cross-section IP(h) of I(m,p) is defined by
12(h) := I(m,p) N ppp (h),

where My :=J e, 4, M. := [1,p]\ M, and the operator gy is defined as in 1.31.
Thus, if M. := [1,p\M, = {mi,ma,...,m, o}, where m; < mg < -+ < my_o,
we have

I}:(h) = {:E rre I(ﬂ',p) & Lmy = hl)xmz = h27 sy Ty, = hpiQk}.
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Note. For k =0 and 7 € II} := {0}, we get
Vh € RP, I2(h) = Ij(h) = the singleton {h} € R”.

For p even and k = [p/2], we have h € RP~2% = R? := {0}, M. =0, and 7 € I ),
and our definition yields I2(0) := I(m,p).

Ezample. Let m = {{3,4},{5,8},{6,10}} € II}'. Then Vh € R5,

IMh)={t:t e RYM & t3=ty,t5 =g, ts = t1o,
& t;=h'ty = h? t; = h® ty = h* 1,1 = h°}.
Obviously,

Vp, k,m & h, as in definition 4.6,

(4.7) IP(h) is an affine subspace of R? & dim I?(h) = k,
& |J By =I(mp) CIp,  cf (45).

heRp—2k

Let A C RP. Then with 7 as in definition 4.6, A N I(m,p) is a cross-section of
A that lies in the diagonal hyperplane I(m,p) of dimension p — k. A N IP(h) is
the h cross-section of this cross-section. The dimensionality of this cross-section is
k, and accordingly its k-dimensional Lebesgue measure is of interest to us when
A is measurable. But the symbol ¢,{A N I?(h)} makes no sense, since each t €
ANIP(h) C IP(h) C RP has p components. What we want, strictly speaking, is
the £}, (A*), where A* C R” is the set obtained from A N I?(h) by eliminating first
the p — 2k constant coordinates with values h', h?,..., h?72* and then from the 2k-
tuple so resulting, further eliminating k£ superfluous coordinates. This elimination is
conveniently affected as follows:

Let m € II be given by

W:{Al,AQ,...,Ak} with Aa:{iomjoc}; il <22<<Zk
Then for h = (h!,..., hP~2k) ¢ RP=2k,
Aﬂ[g(h):{titEA&til :tj17~-~;tik :tjk
&ty =ht .ot = hr=2F},

ybmy, oy

(4.8)

What interests us is the £, measure of the ‘projection’ of A N I?(h) into R*, i.e. of
the set

{T: (tila--';tik) 1t e Aﬂ[ﬁ(}l)}
Recalling from 1.16(c) that
Ve Iy, ri={minA:Aer} & 7°:={maxA:Aecmr},

and using the operator @, as defined in 1.31, the ‘projection’ we want is just .- {AN
IP(h)}, or equivalently, p-.{A N IP(h)}. That this set is germane to our concerns is
clear from the opening paragraph in this section. The next result tells us that for all
intervals A € P,, the p«{ANIP(h)} are the very sets appearing in the covariance
equality in 3.13.

4.9. Triviality. Let p € Ny, k € [0,[p/2]), A C R? and P € P,. Then Vr €
0P & My =, A & Vh € RP25,

Phil. Trans. R. Soc. Lond. A (1997)
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gg)) p-r{AN (1)} = pr-{ANI(R)};

P(ﬂ'), h e PM/,
T PmIP h — B
v { ﬂ-( )} { @, h e RP*Zk\PM;” cf. (310),
(©) blp-{P NIR(M)}] = b{ P(7)}xP,, (h) = ak(P)xp,, (h), cf. (3.11);
(d) for k =0, we have 7 = (), h € R? & £y[p.-{P NIE(h)}] = xp(h);
(e) for even p and k = p/2, we have € Il ), h =0, &
2| {P NIZ(0)}] = Lp2{P(m)}.

Proof. (a) is clear from the expression (4.8) for AN I2(h).
(b) Let first k € [1, [p/2]] and

’
Mﬂ_ = {mh...,mp_gk}, mp < - < Myp_2k-

If p.«{PNIP(h)} is non-void, so is P N I?(h), and hence 3¢ such that t € PN IP(h).
Since ¢ € I2(h), therefore h = (h*,... ,hP7=2%) = (t,,, ..., tp,_,,). But this last vector
is in Py, since t € P. Thus, h € Py whenever p..{P NIE(h)} # 0.
Next let h € Py and y € pr-{P NIZ(h)}. Then letting 7 = {Ay,..., Ay} with
Ao ={iayJat) ta < Ja, we have, since z € I2(h),
tia :tja Epio‘ ﬂPjD‘ :P<Aa>
Since 7 = {j1,...,jk}, it follows that
pﬂ*(t) = (tjl,.. . ’tjk) S P(Al) X - X P(Ak> =: P(ﬂ')
Thus p,+{ANI2(h)} = P(m). Thus (b) holds for k € [1, [p/2]].
Next for k = 0, we have 7 = ), and cf. the note after 4.6, I?(h) = {h}. Thus
R} if PN{h
PAh) = Ppy =] 1 TPNEREZD,
0 it Pn{n}=10.

Since 7* = (), it follows from (1.33) that
{0} if Pn{h} #0,
0 if Pn{h}=0.

Since for # = (), P(w) = {0}, cf. (3.10), and moreover M, = (), M! = [1,p] and
Py = P, (1) can be rewritten:

(0 pr-{PNI7(R)} = {

P(Tf’) fOI'hEPM;r,

AP IP(h)} =

Thus (b) again holds.
(¢) follows at once from (b), and the equality a® (P) := ¢, {P(m)} in (3.11).
(d) For k=0, 7 =0 by (1.16)(a), and (1) yields {o[p--{P NIE(h)}] = xp(h).
(e) Since for even p, H§/2 = I} ), therefore 7 € II}; ) and so Py = Py = {0}, cf.
1.35(a). From this and part (b) it follows that @.-{P N IP(h)} = P(w), whence (e).
]

The LHSs of 4.9(b) and 4.9(c) will continue to make sense when the interval P is
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replaced by any set D C RP, provided that the corresponding set .-{DNIE(h)} falls
in the 6-rings Dy, the domain of the Lebesgue measure £4,.. The question arises
as to whether this is ensured by the membership of D in D,. In addressing this and
related questions, the next proposition is crucial. It is convenient to fix first a short
notation for the complicated sets that we have encountered and shall continue to do:

4.10. Notation. ¥p € Ny, Vk € [0, [p/2]], Vm € II}, Vh € RP72F & VA C RP,
AP(h) := pp{ANT2(R)} = p- {ANTE(R)},  cf. 4.9(a).

Note. For k = 0, we have by (1.16)(a), IIj = {0}, i.e. 7 = ) = n*. Also, cf. note
to 4.6, Vh € R?, Ij = {h}. Hence by (1.33), Vh € R?,

{0} ifheA,

Aﬁm:pMAm{M}z{ ) ithe A

For even p and k = [p/2], we have (cf. note to 4.6), m € Il ), h € R = {0} and
I?(0) = I(m,p), whence

VA CRP, A (0) = p{ANI(m,p)}.

4.11. Proposition. (Boolean homomorphism) Let p € N, and k € [0, [p/2]].
ThenVr € II7 & Vh € R7?* the mapping A — AP (h) is a Boolean homomorphism’
on the algebra of all subsets of RP onto the algebra of all subsets of RF.

Proof. Let m € IIY & h € RP72% and let VA € A, an index set, A* C RP. For
simplicity we shall write A, (h) instead of AP (h). We then assert that

B [UM%M—UM%WL
PNV 7r e

() [HMMm—ﬂmmwy
AeA a e

Proof of (I). Since by (4.10), LHS(I) := @g-[UreaA*) N IP(h)] and RHS(I) :=
Unreapr-[A* N I2(R)], the equality follows from simple relation theory.

Proof of (II). For the intersection, rudimentary relation theory yields merely the
inclusion:

O Kﬂ AA> N Iﬁ(h)} C () pr {4 N I2(R)}.
A4 A4
But by virtue of the occurrence of the set I?(h), the reverse inclusion also holds. We
leave the proof of this to the reader.
Next, V7 € R*, we have 7 = @, (t), where t is given by

© = Tk-

tml = hlv“wtmp,gk = hp_gk; ti1 = tj1 = Tl,...,ti :tj
Thus Yh € RP—2F,

(I11) (RP).(h) = R,

7 That the mapping is not one-one, and therefore not a Boolean isomorphism, is easily seen on taking
p=2k=1,h=0and A= P! x P2 an interval. Then A%2(h) = P! N P2. Thus, for P # P2,
(P* x P?)2(h) = (P? x PY)2(h), even though P! x P2 # P2 x P'.
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Finally, for A" := RP\ A, it follows from R? = AU A’, and (III) and (I), that
R* = (R?)x(h) = Ax(h) U (A")x(h).
But by (IT), A, (h) N (A").(h) = (AN A"),(h) = . Hence
(Iv) (A (h) = {Ax(R)}'.
By (I)-(IV), we are done. [
Proposition 4.11 has as a corollary the result we are after:

4.12. Corollary. Let p € Ny and k € [0, [p/2]]. Let the symbol F stand for one of
P, R, D, B. Then

(a) E € F, = Vr € II} & Yh € RP=2* EP(h) € Fy; i.e. the mapping A — AP (h)
preserves the measurability classes.

(b) Vr € II?, YVh € RP=?* & VE € Dy, 3D € D, > D?(h) = E; i.e. the mapping
A — AP(h) is on D, onto Dy.

Proof. (a) Let m € II? and h € RP~2*. First, let F be P, and let P € P,. Then since
P(7) := XaerP(A) and 0 are in Py, therefore by 4.9(b), PP(h) := p-{PNIP(h)} €
Pr.

Next, let F be R. Since every R € R, is a finite union of sets in P,, it follows
readily from the result for P, and the homomorphic property of the mapping that
the implication, R € R, = RP(h) € Ry, holds.

Next, let F be D. Then we have to show that

(1) D;:={D:D €D, & D:(h) € D} = D,

But, as just shown, R, € Dy, and cf. [MN, Part III, App. B.5], D,, is the 6-monotone
class generated by R,. In symbols, we have

D, = é-mon(R,) C é-mon(D,) C D,,

i.e. D, = 6-mon(Dj). Hence to prove (I) we need only show that D; is a é-monotone
class. But this can be easily shown from the implications:

Vn > 1, D, € D, & D, | D= (D,)2(h) | D%(h),
Vn > 1, D, €D, & D, TEecD= (D,)2(h) 1 DE(h),
which are clear from the homomorphism of the mapping. Thus (I).
The homomorphism likewise yields the desired implication when F stands for B.
Thus (a).
(b) Let M. :=[1,p\M; = {ma,...,mp_ok}, m1 < -+ < Mp_ay,
m={{ir, 1}, i, Ju}} € Dy, & heRPH
Let E € Dy, and define
D:={t:teR” & (tj,,....t;,) e E &
(1) Va € [1,k], t, =t & VBel[l,p—2k], tg=hr""}
Then obviously
(2) DeB, DCIEh) & E=p~(D)=p~{DNIE(h)}=:DZ(h).
Now take [a,b] so large that
ECla,b)" & h € [a,b]P~ .

Phil. Trans. R. Soc. Lond. A (1997)
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Then by (1), D C [a, b]” is bounded. Hence by (2),

(3) DNIP(h) =D € D,.

By (2) and (3), £ = D?(h), where D € D,,. Thus (b). [
Now by 4.9(c), the ¢ measure of the set P?(h), i.e. of p - {PNIP(h)}, involves the

very coefficients a? (P), defined in (3.11), which appear in the covariance equalities

in theorem 3.13. This suggest that we standardize the notations for the ¢, measure

of sets D?(h), where D € D,. We have the following definition which will play a
central role in the rest of this paper:

4.13. Main definition. (Canonical coefficients) Let p € Ny, k € [0, [p/2]] and 7 € II}.
Then VD € D, and Vh € RP~2F
No(D,h) =4 {DE(h)},  AR(D,h) == Y AZ(D,h).

mellf

Note. For k = 0, it readily follows from the note to 4.10 and the definition of £,
in 3.1 that VD € D, and 7 = 0,

VheR?,  MN(D,h) =xp(h) =15(D,h),
i.e. ¥ (-, h) is the unit mass with carrier {h}.
On taking k = [p/2] we get for even p, RP=2* = R? = {0}, and so VD € D,,
Xo(D,0) = £y { DR(0)} = £y yolpr-{D N I(m, p)}];
Wa(D:0) = D bypalow{D N I(m,p)}];

well p)

and for odd p, RP=?* = R!, and so VD € D,, Vr € 1l , &Vhe R,
Mo (D, h) = Lip—1)2{ D7 (R)} = Lip—1)2[pn-{D N IZ()}],

W, Dh) =D 3" Ly plpe{D N IE(R)}Y].

i=1 welljy p\ (i}

The canonical coefficients are set-functions in the first argument and point func-
tions in the second. We shall now show that the former are CA measures carried by
the diagonal skeletons, and that the latter are bounded measurable functions with
bounded support. The last is important since, as we shall see, their integrability is
crucial. It is worthwhile to first record the £,-negligibility of the skeleton I7:

p
(4.14) =) | I, eN,, cf. definition A.2.

i=1 j=it+1
First, since the diagonal hyperplane I}’ ; is closed, therefore each I7; is a Borel subset

of RP, and so is their finite union Ip Next since dim I? i =p— 1 it is clear that
IY; € ]\fgp, and hence their finite union I? € ./\/g Thus (4.14).

4.15. Proposition. Let p € Ny, k € [1, [p/2]], and the w € II}. Then
(a) Vh € RP=2k X\P(. h) € CA(D,,Ro.), and has IP(h), I} and I} as carriers, and
50 A(-, h) & €,(-) are mutually singular;

Phil. Trans. R. Soc. Lond. A (1997)
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(b) Vp € P, & Yh € R~ Xe(P,h) = (p{P(7)}xp,, (h);

(¢) VD € D,, \2(D, ) € M(Bp_ax, BL(Ro)), and A (D, ) is bounded by ¢,(A)*,
and has support AP~?* in D,_ox, where A € D; is such that D C AP.

Proof. (a) Let h € RP=2k. Trivially, A2(-,h) is FA on D,. But if Vn > 1, D,, €
D, & D,, | 0, as n — oo, then obviously p.«{D,NIZ(h)} | 0, and hence ¢y [p-{D, N
IP(h)}] | 0, i.e. A2(D,,,h) | 0, as n — oo. By the Kolmogorov criterion, A2 (-, h) is
CA on D,,. Next from definitions 4.13 and (4.10), namely,

Vh e RP7*, X2(D,h) = l[pn-{D N IE(h)}],
it follows that I2(h) is a carrier of A2 (-, h). But by (4.7), (4.4) and (4.14),
IP(h) CI(m,p) CIPNIY €N,

Thus (a).
(b) This emerges on combining definition 4.13 and the result 4.9(c).
(c) Writing M := M(B,_2x, Bjo,x)), let

F:={F:FeD,&N(F,-) € M}.

Then as the reader can easily check, P, C F, whence it follows that D, = §-mon(F).
But since by (a), A2(-, h) is CA, F is itself a §-monotone class, and we have D, = F.
Thus VD € D,, \2(D,-) € M.

Finally, 3P := A? € P, such that D C P. Thus by (b),

0 < XD, ") < 6{P(m)}xe,, (),

ie. A2(D,-) has the bounded support Py = AP™2* in D,_s, cf. (1.35), and is
bounded above by ¢, {P(m)} = ¢1(A*). This establishes (c). [ |

As ;. is just a finite sum of A2, therefore by 4.15(a), U, ;» I; (h) is a carrier of

zz(',ll}). But, cf. (4.7), I} is a larger set. We thus get the following analogue of 4.15
or Yy

4.16. Corollary. Let p € Ny and k € [1, [p/2]]. Then

(a) Yh € RP=2% ~4P(. h) € CA(D,,Ro.) and has the sets Urenr IZ(h), IY and IV
as carriers, hence VY (-, h) & £,(-) are mutually singular;

(b) VD € Dy, vi(D,-) € M(By—2, Bjo,)), and vy (D, -) is bounded by

(Z) ol (A)F,

U AP, =47 in Dyosy,
mellf

where A € D; is such that D C AP.

and has support

We must also attend to the total variations of the measure A2, 77, as they play a
part in the sequel:

4.17. Notation. Let p € Ny, k € [1,[p/2]], m € II? & h € RP~2* and let

Pen() = A2( h) & vpn():=~L(,h) on D,.
Phil. Trans. R. Soc. Lond. A (1997)
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1134 P. R. Masani
Then we shall write
IAZICR) =l () & [gICR) o= lvenl(r) on B,
We then have the following extensions of the first and second equalities in definition
4.13 from D, to B,.

4.18. Triviality. Let p, k, M, ® & h be as in 4.17. Then
(a) VA € By, [N7|(A, h) = [t [{AZ(R)};
(b) Ae (Dp))\f,(-,h) <~ Afr(h,) € Dy, cf. 1.9;

()
|7£|()h) = Z |)‘7€|(7h) on Bp;
mell)
(d) YA € B,
YVIAR) = > [6][AZ(h)];
mellf
()

A€ D)y <= |J A%h) €Dy
7\'6]7:

Proof. (a), (b) The proofs, which are routine, are omitted.
(c) This follows at once from (a) and the fact that for non-negative measures f;,

| Dk il = 220y ils

(d) Substituting for |A2|(A, h) from (a) into the RHS in (c), we get (d).

(e) We have
A€ (Dy)rieny == RHS(O) <oco <= Vrelll, [4[[A7(h)]< o

— Vme Hl::? Afr(h) S (Dk)ék =: ﬁk.

This last condition is equivalent to that on the RHS(e). |

Finally we shall show that for sets D in the pre-ring P,, the B,_3; measurable
functions 47 (D, -) reduce to simple functions, and that their integration over appro-
priate subspaces of R? yield the expressions on the RHSs of the covariance equality

for two intervals, obtained in theorem 3.13.
Combining 4.15(b) and 4.9(c), we get

(4.19) Xo(P.h) = a2 (P)xr,, () = b{P()}xn,, (B).
and this readily yields

Vpe Ny, Vkel0,[p/2]], Vmelll, VheRP2*&VPeP,
71'617:
(4'20) 7£(P7 ) = Z afr(P»(PM;r () € S(Pp—%vR)v
mellf
where S(F,R) is the class of real valued simple functions with cells
in F, cf. 1.1(c); in particular, 4§ (P, -) = xp(:) = Aj(P,-) on RP.
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Note. The last two equations for the case k = 0 can be justified as follows. In case
k=0, by (1.16)(a), II} = {0} and m = (). Therefore, Vh € R?,

YE(P,h) : Z AL(P,h) = M\b(P, h).

But by (4.9)(d), AG(P,h) = fo[m*{P NIy ()} = xp(h).

Now let, as in the cross-covariance theorem 3.13, p,q € N be such that p+q = 2r
and ¢ < p, k € [1,[q/2]], ¢ € Perm(q — 2k), and let M C [1,p], N C [1,q] be
such that #M' = #N’ = ¢ — 2k. Then the functions 71( k( ), 7(Q, -) being
P,_ar-simple, are readily integrable, and it easily follows from (4. 20) that

L e P 2@ (ah)

= > > ar (P)a2,(Q)ly—2x{Pur, N (Quz,)"}
ﬂ'leng(pfq)ﬂc ‘MGH’:'I

The RHS matches the expression for I'}?(P, @) in theorem 3.13, except for the ab-
sence of the summation over the class Perm(q — 2k). Thus, upon substituting in 3.13
the expression on the LHS, we get at once the following version of the covariance
equality, free of allusion to the hyperfaces of the intervals P, Q:

4.21. Theorem. (Wiener’s cross-covariance equality, ‘hyperface-free’ form)
Let
(i) p,q € N4 be such that p+ q = 2r is even and q < p,
(ii) P e Py, Q € P,.
Then
(a) when p > q,
la/2]
(6(P),&(Q) = Y _ TF(P,Q) € Ry,
k=0
where

erQ =y / P (P )X (R, (dR);

$pEPerm(q

for k € [1,[q/2] — 1],

VA EESY /R e (PRQ, h)ly— o (dR),

¢pEPerm(q—2k)

&
Vpya(F50) =77 5(Q,0), q and p even,
F[Z(;Q] (P7 Q)= v
/R’Y(P 1 /2(P h> (g— 1)/2(Q’ h)él (dh>> q and p odd;
(b) when p =g,
lq/2]
(&(P),&(Q) = > I{*(P,Q),

k=0

Phil. Trans. R. Soc. Lond. A (1997)
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where now
[PQ) = Y, L(PNQY),
¢€Perm(q)
and for k € [1,[q/2]], I}'*(P, Q) is given by the same formula as in (a), except that
now p = q.
Likewise for the expectation of £,(P), in the non-trivial case, p even, we have:
4.22. Proposition. Vevenp e N, & VP € P,, Ep{{,(P)} = 75/2(]3; 0).

Proof. Let p be even and k = p/2. Then since H;/Q = IIjy ), we have M, = [1, p]
for any 7 € II)),, and therefore Py;, = Py = {0}. Thus

M) VrE My Xy (0) = X (0) = 1.
It follows from (3.12), (1) and (4.20) that
Ep{&(P)} = ) ab(P)= ) al(P)x,, (0)=1},(P0).

I3 P
TrEHp/2 TrGHP/2

5. The countable additivity of ¢, on the ring R, and its extendibility
to the o-ring D),

We know, cf. (3.4), that Vp € N4, &, € FA(R,, £5). Consequently it makes sense
to speak of the covariance (§,(R),§,(S)), where R € R,, S € R,. The question
arises as to whether this covariance satisfies the equality given in 4.21. To address
this question, we must first define the kernels I'}? appearing in 4.21 for sets outside

Pp, Pyt
5.1. Definition. (The canonical kernels) Let (i) p,q € Ny be such that p+ ¢ = 2r is
even and ¢ < p, (i) k € [0, [¢/2]], (iii)) D € D, & E € D,. Then
YD E) = / W gD IVE D)o (dh).
pEPerm(q—2k) Ra

This yields in particular, cf. 4.21:

BB = 3 [ Al aDme(h)e @),
) q

$EPerm(q
IP(D,E):= Y £,(DNE?),
$€Perm(p)
and
Vpsa(D:0) v o (E,0), q and p even,
F[’;%] (D,E) =

/R%Dp—l)/z(D’ P)Vig—1y2(E, h)i (dh), ¢ and p odd.

We shall refer to the I'7(-, ) as the canonical kernels. They are all well defined, since
by 4.16(b), the integrands are bounded, boundedly supported, and measurable.

Phil. Trans. R. Soc. Lond. A (1997)
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These kernels are CA measures in each variable. More precisely we have the fol-
lowing result, which rests in effect on the properties of the canonical coefficients %,
stated in corollary 4.16.

5.2. Lemma. Letp, q, r, k be as in 5.1. Then
(a) VE € Dy, IV(+, E) € CA(Dy, Roy.), and has I7

(p—q) 4k S & carrier;

Eb; :D € Dy, F,ﬁ;l(vD, -) € CA(Dy,Ro4), and has I} as a carrier;
c) VD € D, and VE € D,

TPD.E) = (=200 [ (DB (),

where f denotes the symmetrization of the function f.

Proof. (a) Fix E € D, and let Vn € N;, D,, € D, & D,, | 0. Then by 4.16(a),
fn(h) = 71(17 " +k(Dn,h)vk(E h?) 10, as n — oo.

Next, cf. 4.16(b), f.(:) is bounded and has bounded support. Hence, by Lebesgue’s
dominated convergence theorem,

I’Y(D,,E):= Z / fa(h)ly—ak (dh) | as n — 0o,
Ra—2k

pePerm(qg—2k)

i.e. the FA measure I}?(-, E) satisfies the Kolmogorov criterion. Hence I'?(-, E) is
CA on D,.

Flnally, L (p—a)+k being, by 4.16(a), a carrier offyl(p . +k( h) for each h in R7~2%,
we see readily from the formula in definition 5.1, that it is also a carrier of I'7/(-, E).
Thus (a).

(b) is proved similarly.

(c) Take 3 porm(q_2k) inside the integral in 5.1(iii) and recall that

(¢ —2k)FUER) = > ~AUE ).
¢pePerm(q—2k)
]

5.3. Definition. Let p,q € N4, ¢ < p, and let F,, F, be subfamilies of D,, D, to
which the measures &,, £, extend. Then we shall say that the covariance equality

holds for F,, F, it VD € F, & VE € F,,
(fp(D%gq(E))ﬁz =0, lfp—l—q is odd
and, cf. definition 5.1,

lq/2]
(&p(D) ZFWDE if p+ q is even.

We now make this affirmation for the rings R,, R:
5.4. Proposition. Vp,q € N, the covariance equality holds for the rings R,, R,.
Proof. Let p,q € Ny, q<p,RE R,and S € R,. Then R=J", P, S = U;L 1 Qj,

Phil. Trans. R. Soc. Lond. A (1997)
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1138 P. R. Masant
where P, € P, are || and Q; € P, are ||. By definition

(1) GR) =D &(P),  &(8) =D &(Q)),
whence

(2) (& )—ZZ@ ), £4(Q;)).

=1 j=1
Now if p+q is odd, then by (3.5) each term on the RHS(2) vanishes and so therefore
does the LHS. Next, if p 4+ ¢q is even then by theorem 4.21, for each ¢, j,

lq/2]
(& (P1),&(Q)) = > THI(P;, Q).

k=0

Substituting in (2) and changing the order of summation, and using the fact 5.2 that
(-, E) and I7?(D,-) are FA, it is easily shown that

IR, S) rW<U P, U Q3> = Z > TP Q;);
=0 j=0
whence (2) reduces to

la/2]

(& (R Z I'"(R,S).

To go beyond rings, we need the following:

5.5. Proposition. Vp € N, , ¢, € CA(R,, L) and is locally strongly bounded on
Rp, ie.

VpeN,, R,eR,N2%, ReR,&R,are| = lim & (R,)=0.

Proof. An application of the covariance equality in 5.3 with g = p & S = R =
R, € R, & R, C R, yields

(p/2] (p/2]
(1) Z IPP(Ry, Ry) < Y TEP(R,, Ry).
k=0

First let R, | 0, as n — oco. Since by lemma 5.2(a), each I''*(-,Ry) is CA on
D,, therefore each lim, o I[F*(R,, R;) = 0. Next, let R, € R, N2% R € R,
and the R,, be ||. Then each non-negative measure I'}”(-, R1), being CA on D, (by
5.2), is certainly locally strongly bounded on D,, and therefore on R,. Thus each
lim,, o0 I (R, R1) = 0. Hence by (1), on letting n — oo, we have |,(R,)|* | 0, in
both cases. We thus obtain both the countable additivity of &, on R,, and its local
strong boundedness on R,,. u

Now thanks to a theorem of Brooks & Dinculeanu (1974) we know that the prop-
erties of countable additivity and ‘local strong boundedness’, affirmed in proposition
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5.5 are necessary and sufficient to ensure the existence of a countably additive ex-
tension of ¢, to D, := 6-ring(R,). We accordingly conclude that:

5.6. Theorem. Vp c N, the measure {, has an extension to D, which is countably
additive. Denoting this extension by the symbol , itself, we have

¢y € CA(D,, L,).

We show next that the covariance equality extends to é-rings. The proof rests on
the countable additivity of &,:

5.7. Proposition. Vp,q € N, the covariance equality holds for D, D,, cf. 5.3.
Proof. Let first p 4+ g be even. Then by 5.6,

VQ € Pq’ (fp(‘)vgq(Q)) € CA(DpvR)y
and by 5.2(a)

[p/2]
vQ € P, > TP, Q) € CA(D,,R).

These two CA measures on D,, are, by theorem 4.21(a), equal on P,. Hence by the
identity principle A.8, they are equal on D,. Thus

[p/2]
(1) VDeD,  (£(D).&(Q)=>_ ItD,Q).

k=0
Next, by 5.6,
VD € Dpa (gp(D)qu(')) € CA(anR)a
and the same argument shows that

[p/2]
(2) VDeD, & VYE€D,  (&,(D Z I'’"(D, E).

Next let p + g be odd, D € D, and E € D,. It is well known that there exist
sequences (P,)7° in P, and (Q,)5° in P, such that &,(P,) — & (D) and &,(Q,) —
&, (E). Thus

3) (€p(D), &(E)) = JLII;O(gp(Pn)vgq(Qn)) =0, by (3.5).
By (2) and (3) we are done. [ |

Next by the Schwartz inequality, Vf € Lo, |Ep(f)| < [flz.|1()|co = [fle,- In
particular,

(5'8) VD € Dpv 0< |E1P’{§p(D)}| < |fp<D)|£z'
This, together with the countable-additivity of &,, allows us to extend the results
4.22 and 1.19(b) on the expectation of &,(P) to the é-ring D,:

5.9. Proposition. (The expectation of {, onD,) (a)Vevenp € Ny & VD € D,,
we have

Ep{&, (D)} = ,YP/QDO Z E;D/Q{Dp = Z E;D/Q[p‘fr*{DﬂI(ﬂ-vp}]v
mE1 p mE€l p)

Phil. Trans. R. Soc. Lond. A (1997)
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[EIP’{gp(D)}F = Fgfz(D’ D).

(b) Voddpe N, & VD € D, Ep{{,(D)} = 0.
Proof. (a) To prove the first equality, note that since Ep € £, therefore
Ep{,()} € CA(Dy, R).

Since by 4.16(a), 7, 5(",0) € CA(D, R), and by 4.22, the two measures are equal on
P,, therefore by the identity principle A.8, they are equal on D,. This proves the
equality on the left. The others follow from definitions 4.13 and (4.10).

Next, combining definition 5.1 (et seq.) and the last equality, we get

I7,(D, D) =7 5(D,0)7] 5(D, 0) = [E{&,(D)}].

This completes the proof of (a).
(b) This is an easy consequence of the result (3.9), since each

&(D) = nh_{go & (Pn)
for suitable P, € P,. |

We turn next to the factorization of the measure ,,,(D x E), where D € D,
E € D,. Ancillary to this factorization is the classical factorization of the é-ring D,
itself:

(5.10) Vp,q € N, Dptq = 6-ring(D,, x Dy).

The proof that &,,, = &, x & is not obvious, since | - |z, is not a Banach algebra
norm, and simple inferences such as £(D,,) — 0 in L, implies that £(D,,)n(E) — 0
in £y, where E € D, is fixed, fail. However, for the specific measures &,, £,, this
implication does hold, and the proof can be completed. But it involves several steps.

5.11. Theorem. (Product measure) Let p,q € Ni. Then §,1, =&, X &,, i.e. we
have

VDeD, & VYEE€D, DxXEE€Dy, & &g DxE)=E(D)-&(E).

Proof. We shall show in succession that:

(1) VREeR, & VS € Ry, Ep(R)E(S) = (& x &) (R x S);
(I1) VR € Ry, fp(R)fq(') € CA(qu£2)§
(I1I) VR eR, & VE € Dy, E(R)E(E) = (& % &) (R x B);
(IV) VE € Dy, &p()Eq(E) € CA(D,, Lo);
V) VD € D, & VE € Dy, §p(D)Ey(E) = (§ x &) (D x E).

Proof of (I). Let P =P' x -+ x PP € Pyand Q = Q' x --- x Q? € P,. Then it
follows from the definition (1.13) of &,, &,, £p4+4 that

Eprq(P X Q) =E(PY)---£(PP) - £(Q1) - - £(Q) = &(P) - £(Q).
Thus
(1) VPeP, & VQeP, Eprq(P x Q) =:&,(P) - £,(Q).

Since sets in R, and R, are finite disjoint unions of intervals in P, and P,, and &,,
&gy Eprq are FA, therefore (I) easily follows from (1).

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

A

<
o
NI
QH
=
= O
O
= uwv

PHILOSOPHICAL
TRANSACTIONS

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

y \

r

A

SOCIETY

OF

A

OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1141
Proof of (II). Let R € R,. Then by (I),
(2) (R () = &prg(R x 1) on Ry

But by theorem 5.6, &,14 is CA on D,,, i.e. by (5.10) on 6-ring(D,, x D). Therefore,
obviously &,44(R x -) is CA on D,,. It is therefore also locally strongly bounded on
D,, and therefore on R,. Thus by (2), £,(R)&,(+) is CA and locally strongly bounded
on R,. But this, by the Brooks & Dinculeanu theorem (cited on p. 1138), yields (II).

Proof of (III). Let R € R,,. Since &, 44 is CA on D,, and therefore on D, x D,
we have &, 14(R x -) € CA(Dy, L3). And by (II), §,(R)&,(-) € CA(D,, L). Also by
(I), these measures are equal to R,. Hence by the identity principle A.8, they are
equal on 6-ring(R,), i.e. on D,. Thus (III).

Proof of (IV). Let E € D,. Then by (III),

(3) &p()&(E) = Epag(- X E) on R,

Then as in the proof of (II), it follows that &,(-)&,(E) is both CA and locally strongly

bounded on R, whence (IV) follows from the Brooks & Dinculeanu theorem (1974).
Proof of (V). Let E € D,. Then by 5.6 and (IV), both §,4,(- x E) and &,()&,(E)

are CA on D,, and by (III) they are equal on R,. Hence by the identity principle
A8, we have (V). |

The result 5.11 obviously extends to any finite number of factors, and therefore
{& (D) (W)} =€y (D7) (w), VD € D,. An easy corollary of this equality and (5.8) is
the following generalization of 3.3:

5.12. Corollary. Let p e Ny. Then VD € D, & Vr € N, §,(D) € L,, and
& (D)2, := Ep{|&(D)]"} < [6pr(D7)]2, < o0
Thus the random variable £,(D) has finite (raw absolute) moments of all orders.

It is quite easily seen that the measures , are robust in the sense that their total
variations |,| have the binary range {0, oo}; specifically:

VpeN,, DeD, & &(D)+#0=|§|(D)= .

The appropriate variation for the §, are the quasi- and semi-variations g¢, and s¢,,
defined in A.3. Even though the ¢, are not CAOS, they share with the CAOS mea-
sures the property that g¢, and s¢, are equal to the norm of £,. More precisely, we
have:

5.13. Proposition. (Quasi- and semi-variations) Let p € N,. Then
(@) YD € Dy, 56, (D) ~ |6, (D)] = e, (D) € Roy
(b) VA € By, s¢,(A) = q¢, (A) € [0,00];
(c) VD,E € Dy, D C E = [5(D)] < [§,(E)].
Proof. (a) Let D € D,. Then by (A.4),

s¢,(D) = sup |a'0&[(D),

m":(‘lil)'
(L2)" being the dual of Lo. It follows readily that
(1) 1&(D)| < 4e, (D) < s¢, (D).

To show the reverse inequality, let
Ip := {7 : 7 is a finite class of || sets in D, N 2P}.
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Let 1 = {Aq1,Ao,..., Ay} € IIp & o) € R™ be such that Vi € [1,n], |a(4;)] < 1.
Then by the covariance equality (cf. 5.3 and 5.7),

D a(A)6(A)] =D ald)a(4;)(E(4), &(45))

Aem i=1 j=1
/2] n n

(2) =D > > a(dia(dy) - TP (4, 4)).

k=0 i=1 j=1

Now it is easy to see that

/2] n n

RHS(2) < > ) > IiP(A;, 4)).

k=0 i=1 j=1
Also, from the finite additivity of the I't”(,-) in each variable, we get with S :=
P
A

i=1 “i

SN TIEP(AL Ay =TP(S.S) < IPP(D, D).

i=1 j=1
We can thus conclude from (2) and 5.7 that
2 [p/2]
3) > a(A)g(4)] <Y IPP(D.D) = |&(D)P.
Aem k=0

On taking the square root and then the suprema over «(-) and over = on the LHS,
we get s¢, (D) < [€,(D)]. This, together with (1), yields the equalities in (a).
(b) Let A € B,. Then since B, = Dy°, cf. §1, it follows from (a), VD € D,

qe, (DN A) = s¢, (DN A). Taking the supremum over D € D, we get (b), cf. A.3(b).
(¢) follows at once from (a) and the monotonicity of the quasi-variation. [ |

We turn next to the Lebesgue decomposition of £, with respect to £,. First, recall

that since D};’C = B,, aset Ais {,-negligible in the sense of definition A.2, in symbols

Ae N, iff
AeB, & VDeD,, E(DNA)=0;
and C is a carrier of £, in the sense of definition A.2, iff

CeB, & VDeD, & (D) =¢,(DNC).

We say that two vector-valued FA measures &, n on the same é-ring are mutually
singular, in symbols L &,, iff they possess carriers that are ||. The notion of abso-
lute continuity of a vector-valued measure £ with respect to a non-negative measure
i, in symbols & <<, is defined in [MN, I, def. 2.36]. From [MN, II, prop. 3.6], we
know that
(5.14) Vpe CA(D,,Ly), p=<< L, if DeD, & (,(D)=0= p(D)=0.
By (A.5), this result can be rendered in the form,
(5.15) p=< ¢, iff BeB, & |{|(B)=0=s5,(B)=0.

Now define, cf. (4.1):
(5.16) ¥peN, & VDeD, &(D)=&(D\I), €i(D)=g(DNI).

D
Phil. Trans. R. Soc. Lond. A (1997)
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We can then assert the following lemma:

5.17. Lemma. Let p € N,. Then
(a) £2,€5 € CA(D,, L), Ep{&2(-)} = 0 on Dy;
(b) VD, E € D,,

(GD).GE) = > LDNE?);
pEPerm(p)
(¢) VD € Dp, v/£,(D) < qeg (D) = [§5(D)] = se5 (D) < v/p!v/p(D);
(d) VA € By, VI6[(A) < geg(A) = sex(A) < VPIVIG[(A).
Proof. (a) The first statement is obvious from (5.16) and theorem 5.6. Next let
D € D,. Then by (5.16) and 5.9,

Ep{&p (D)} = Ep{&; (D\I7)} = 7;5(D\IT, 0) = 0,

since by 4.16(a), vy, (-, 0) has carrier I}, € If. Thus (a).
(b) Let D, E € D,. Then by the covariance equality,
[p/2]
(1) (3(D),&(E)) = (§(D\ID), &,(E\IT)) = Y TP(D\If, E\IY).
k=0
But since by lemma 5.2(a), It (-, E) has the carrier I}, and obviously I} C I} for
k> 1, it follows that the terms I'}”(D\I}, E\I7) = 0, for 1 < k < [p/2]. Thus from
(1),

(D). & () = IYP(D\IT, ENIT) = ) 4,[(D\IY) N (B\I})?],
pEPerm(p)
by 5.1. But since, cf. (4.14), I/ € Ny, , the RHS reduces to the RHS(b).

(¢) Let D € D,. The two equalities follow at once on applying those in proposition
5.13(a) to the set D\I7. It remains to show

@ V(D) < |§5(D) < VPVE(D).
Proof of (I). By (b) we have

D)= > 4,(DND?).

¢EPerm(p)

Since the RHS obviously exceeds the term with ¢ = I, we get the first inequality in
(I). Next, since for each ¢, £,(D N D?) < ¢,(D), we get the second inequality in (I).
Thus (I) holds, and (¢) is proved.

(d) follows on applying (c) to the sets A N D, and taking the supremum over
DeD,. m

5.18. Theorem. (Lebesgue decomposition) Let p € N,. Then with & 52 as
in (5.16),

(@) & =&+, & =< £, 1 &)

(b) & and £, are equivalent, i.e. /\/’53 =N,

Proof. (a) The equality is obvious from (5.16). Next from lemma 5.17(c) and
(5.14), we see that {2 << /,. Finally, by (4.14), RP\I}{ is a carrier of £, and by

Phil. Trans. R. Soc. Lond. A (1997)
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(5.16), I7 is a carrier of &. Thus £, I &) This establishes (a). (b) is clear from
lemma 5.17(c). |

The following orthogonality properties of the Lebesgue components of ¢, are im-
mediate from the disjointness of their carriers, cf. (5.16), and the definitions 4.13 and
5.1:

5.19. Corollary. (a) The ranges of £, 53 are orthogonal:
VD,E €D,  &(D)LEE);
(b)
VDD, [&(D)P =16 (D) +1&(D).
It follows from 5.18(a), 5.19(a) that
(& (D), &(E)) = (§(D), & (E)) + (§,(D), &, (E)).

But by 5.17(b), and the equality for I} (D, E) in 5.1, we see that
(5.20) (& (D), &5 (E)) = I57(D, E).

P P

It follows from the last two equalities, and the covariance equality in 5.3 with ¢ = p
that

(p/2]
(5.21) VD, E € D,, (65(D),&(E)) = > I't*(D,E).

P

The semi-variation measure of the Lebesgue components are given in the next
triviality. The proof, which appeals to the classical triviality that if jg is defined on
D by po(-) = u(- N B), where B € D¢, then |uo|(-) = |u|(- N B) on D¢, is obvious:

5.22. Triviality. (a) Vz' € e(Ly) & VA € B,
|2 0 &51(A) = 2" 0 G(A\L)), |20 §l(A) =]’ 0 & (AN TY),
2 0 &,1(A) = |2 o €£21(A) + |2’ 0 €1](A);
(8) VA € By, sey(A) = se, (A\TD) & ss(4) = 56, (AN ).

As for a control measure for the measure &, itself, cf. Traynor (1973), we can show,
as the reader can easily check, that the covariance equality yields an explicit formulae
for [€,(D)|?, and this suggests a natural control measure y, for &,. More precisely:

5.23. Corollary. (Control measure for ,) Let p € N.. Then, with ~ indicating
symmetrization,

(a) VD € D,,
[p/2]
GO =p 3 [ B0 (ah)
(b) Defining p,, on D, by

Ip/2]
VD € D, Z/ P(D, h)l,_ox (dh),
Rr— 2k

Phil. Trans. R. Soc. Lond. A (1997)
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we have p, € CA(D,,Roy), and &, is locally Lipchitzian with respect to p,, i.e.
VA € Py, 3 a constant 54 such that

VD e D’ n2Y,  |&,(D)]> < Ba- py(D).
The measures &, and pu, are equivalent, i.e. Ne, =N, .

5.24. Remarks on product measures. Let C, D be é-rings over sets S, T, respectively,
and let

(1) p € CA(C, Ly), o € CA(D, L,).
We define p x ¢ on the pre-ring C x D by
(2) VC x D eC xD, (px0o)(CxD):=p(C)-o(D).

In general, p(C) - o(D) ¢ L. However, by the Schwartz inequality,

[(px 0)(C x E)lz, < [p(C)lz, - [0(D)lc,-
Assume that p(C) and o(D) have finite 4th moments, VC' € C and VD € D. Then it
easily follows that
(3) pxo€e€FAC xD,Ly).
But, 1;nlike the classical situation, we cannot in general conclude that px o € CA(C x
D, Ls).

In this regard, the special case p = &,, 0 = &, is a notable exception, for by
theorems 5.11 and 5.6,

(5'25) Vp,q € Ny, gp X gq - €p+q € CA(Dp+q7 £2)'

We shall now deduce from (5.25) the countable additivity of the products of the
Lebesgue components of £,. We assert:

5.26. Proposition. Let p,q € N,. Then
& x &, &x&, &x&, &x& € CADyyy, La).

Proof. Let R := ring(D, x D,). It will suffice to deal with the product p := &5 x ;.
Trivially, cf. 5.24(3), we have
[ FA(R, EQ)

Now grant momentarily that

@ PO < [pq()] o R

Then since by 5.14, £, € CA(Dp4q, L2), it satisfies the Kolmogorov condition on
R,ie R, € Rand R, | 0 = &,14(R,) — 0. It follows from (I) that so does p(-).
Hence p(-) is CA on R. Next, ,., being CA is locally strongly bounded on D,,
and therefore on R, cf. 5.5 It follows from (I) that so is p(-). Hence by the Brooks—
Dinculeanu theorem (1974), p has a CA extension to é-ring(R), i.e. cf. (5.10) to
Dy+q. Thus it only remains to prove (I).

Proof of (I). Let R € R. Then

R = U(Dk x Ey), (Dy x Ei) € Dy x Dy and are ||.

k=1
Phil. Trans. R. Soc. Lond. A (1997)
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Appealing to the definitions (5.16) of £, £ and the equality (5.25), we get

o(R) = €1 {U (D) x (Ek\m}} |

Hence by the monotonicity stated in 5.13(c),

T

6| U0 x )] \ — &R

k=1

(1) Ip(R)| <

This establishes (I) and finishes the proof for the product &y X & . The other products
can be treated in exactly the same way, by establishing the inequality (1) for them.
|

The question whether in analogy with (5.25), 5 x &7 = &, has a negative answer,
but this is best demonstrated later, cf. theorem 11.13 below.

6. The permutation group and symmetric sets and functions

Our objective in this section is to find out the simplifications that accrue in the pre-
ceding theory when the sets involved are symmetric, i.e. belong to D¥™, cf. 1.9. This
involves an investigation of the action of the appropriate permutation groups on the
canonical coefficients A2 (D, h) and 7} (D, h), i.e. an investigation of how A2(D?, h),
V(D?, h), and A2(D,h?), 47 (D, h*) might be related. (Recall that D? is defined in
1.37.)

It is convenient to first dispose of the much simpler action of the permutation
group on the measures §,, {7, 52. For completeness we also include ¢,. We obviously
have:

6.1. Triviality. V¢ € Perm(p), ¢ is ¢, and &, measure preserving, i.e. V¢ € Perm(p),
(a) VD € Dy, £,(D?) = £,(D) & &,(D?) = &,(D);
(b) V' € (La) & VA € B, [a' 0 £,](A%) = |1 0 &](A).

Since the diagonal skeleton I7 is symmetric, the corresponding results for &7, fz
easily follow from 6.1, by virtue of the obvious result:

6.2. Triviality. Let (i) X be a Banach space and p € N,

(ii) p € CA(D,, X) be permutation-invariant, i.e.

V¢ € Perm(p) & VD € Dy, p(D?) = p(D),

(iii) po(:) := p(- N S), where S € BY™.
Then py is permutation-invariant.

We thus obtain

V¢ € Perm(p) & VD € D,, &(D?) =&(D), &(D?) = &(D),
(6.3) V¢ € Perm(p), Va' e (Ly) & VA € B,
2" 0 £51(A?) = |2' 0 §3[(A), 2" 0 EH|(A?) = |2/ 0 &)|(A).
We first address the following basic question. Let p € N, A C RP, k € [0, [p/2]],

and 7w € II}. Given any ¢ € Perm(p), is there a @ € I and a ¢ € Perm(p — 2k),
such that

Vh e RPTR, (A%)2(h) = AR(R%)?

Phil. Trans. R. Soc. Lond. A (1997)
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We proceed to show that the answer is affirmative, when 7 and ¢ are taken as in the
following definition:

6.4. Definition. Let (i) p € Ny, ¢ € Perm(p) and k € [0, [p/2]],
(i) m € {{ir, 1}, - - s Lk i} € 1L, in <o v <y,

M7lr = [17p]\M7T = {mh s 7mp72k}7 mp <--- < Mp—2k,

(iii) V_O‘ € [1’]‘7]7 lo 1= @b(za) A @b(ja)’ Ja 1= ¢(Za) 4 ¢(]a)7
(iv) ¢ € Perm(p — 2k) be such that it yields the increasing rearrangement of
p(ma),...,¢(my_si), i.e. ¢ be such that

d(mgy) < dp(mga)) < - < d(Mgp_ar))-
We shall call 7 := {{z1,71},...,{®w,Ju}} € II}, rearranged as per 1.16(b), the
¢-distortion of w, and call ¢ the (¢, 7)-permutation of [1,p — 2k].

Note. For k =0, 7 = () = 7, and ¢ = ¢~ ! € Perm(p), as the reader can easily
check.

Ezample. Let p =9, k = 3, ¢ € Perm(9) be given by

1, 2, 3, 4 5 6, 7, 8 9
¢ :: (97 2) 87 1) 67 47 37 7) 5) ’ Tr :: {{2’ 4}’ {3’ 5}’ {5’ 7}} e H37.

Then as the reader can easily check

{{217‘71}7 {@752}) {737‘73}} = {{17 2}7 {47 8}7 {37 6}}
Rearranging, we get

7 ={{1,2},{3,6},{4,8}} € I1,.
Also since M} = {my,ma, ms} = {1,8,9}, therefore ¢p(m1) =9, ¢(ms2) =7, ¢p(m3) =
5. Hence ¢ € Perm(3), is given by

6.5. Basic proposition. Let p € Ny and k € [0,[p/2]]. Then YA C RP, V¢ €
Perm(p), Vr € II} and Vh € RP~2F,

(A”)2(h) = A% (h%),
where 7 is the ¢-distortion of T and ¢ is the (¢, n)-permutation of [1,p — 2k].

Proof. Case 1. Let k > 1. Let m € II and M. be given by 6.4(ii), A C R? and
¢ € Perm(p).
Given 7 € R*¥ and h € RP~2¢ define t € R? by

(1)  ti=m=t, & Vtn,=h", Vaell,k] & VBe€[l,p— 2k
Then by definitions 4.10 and (4.8),

2) T€(A%)E(h) = teA® <= s:=t" =(ty11),- - to1(p) € A
From (1) we see that

(3) Vae[Lk], Seia) =to-1{p6a)} = bia = Ta = Ljo = lo-1{6(ja)} = S(ja)-
Phil. Trans. R. Soc. Lond. A (1997)
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But for the cells {74,7.} of T, the ¢-distortion of 7, we know that 7,, 7., are the
smaller and greater of ¢(in), ¢(ja). Hence from (3) we infer that

(4) Va € [1, k], 57, = Toa = Sj, -

e

Next, since each 7,, J, is one of ¢(i,), ¢(ja) therefore

Mir = {¢(ia)7 ¢(ja)7 s 7¢(ik)7 ¢(]k)}
Hence
Mz = [1,p\Mz = {¢(ma), ..., d(mp—2x)}
= {ﬁh,mg, - ,mp,gk} where m; < --- < Mp—_2k,

say. Then for the distortion ¢ we know that for 8 € [1,p—2k|, mz = ¢(mys). Hence
A 3(8)
mg = ¢~ (M), and therefore

(5) Vﬁ € [17p - Qk]v Sing = tqﬁ—l(mg) = tmq;(ﬁ) = hd;(ﬁ)v by (1)
We see from (4), (5) and (4.8) that
TEAL(R?) = seA <« Te(A®2(h), by (2).

The two sets are thus equal. ~
Case 2. Let k = 0. Then since 7 = () = m and ¢ = ¢!, the equality easily follows
from the expression for (Af)(h) given in the note to 4.6. [ |

We next address the following question. Let p € Ny, k € [1,[p/2]], and 7 € II}.
Given any ¢ € Perm(p — 2k), is there a ¢ € Perm(p) such that VD € D, and
Vh € RP—2k

No(D,R¥) = No(D, h)?
The affirmative answer (cf. 6.9) depends on the following definition and lemma:

6.6. Definition. (m-extension from Perm(p — 2k) to Perm(p)) Let

(i) pe Ny, ke[l,[p/2]], M C [1,p], #M = 2k, and ¢ € Perm(p — 2k),

(11) M= [Lp]\M = {mlg cee 7mp72k1’ g [LPL my; < -+ < mp—2k-
Then (a) the M-extension 1y, (briefly ) in Perm(p) of ¢ is given by

Vie M, P(i):=i & Va€l[l,p— 2k, d(Ma) == My-1(a)3

(b) Vrr € IT}, the 7-extension ¥, of ¢ is by definition ¢y, .

Ezample. Let p=12, k=4, M ={1,2,4,5,8,9,10,11} C [1,12], ¢ € Perm(4) be
given by

p(1)=2,  P@2)=4, ¥@B)=3, YP4)=1
Then the M-extension ¢ € Perm(12) of ¢ is given on M, by
P(i) =i, Vi € M.

As for ¢ on M’ = {3,6,7,12} = {m1, ma, ms3, my} say, we have

Va € [1,4], ¢(ma) = My-1(a)-
Since ¥~ 1(1) =4, ¢v=1(2) = 1, v =1(3) = 3, ¢»~1(4) = 2, we see that

P(3) = ¢p(my) == my-1(1) = my = 12.
Phil. Trans. R. Soc. Lond. A (1997)
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Similarly, )(6) = 3, ¢(7) = 7, ¢(12) = 6. Thus 1 leaves each point of M fixed, but
on M’ 1) carries 3, 6, 7, 12 to 12, 3, 7, 6, respectively.

Since ¥ ~! has the same parity as v, and the identity permutation I on M has
even parity, it follows easily that VM C [1,p] & #M = 2k & Vi € Perm(p — 2k),

(6.7) t and ¢y, have the same parity.

6.8. Lemma. Let (i) pe Ny, ke [1,[p/2]], (ii) = € II}, (iil) ¢ € Perm(p — 2k) and
(iv) ¢ be the m-extension of ¢. Then

VACRP & VheRP2 (A% (h) = AP(hY).

Proof. Let A C RP and h € RP=2k_ For ¢ as in (iv), let © be the ¢-distortion
of m and ¢ € Perm(p — 2k) be the (¢, 7)-permutation of [1,p — 2k|, cf. 6.4. Grant
momentarily that

(I T=nm & ¢=1.
Then by proposition 6.5 and (I),
(A”)5(h) = AR(h?) = AL(h"),

as desired. Hence it only remains to show (I). -
Proof of (I). Let m = {{i1,41},---, {ix,jx}}. Since by (iv) and 6.6, ¢ := ;. =T
on M, therefore Vo € [1, k],
o = $(ia) A @b(joc) =ia & Jo=9¢(ia)V ¢(a) = Ja,

ie {ia,Jo} = {ia;ja}- Thus @ = 7.
Next let M. = {mq,...,my_ox}, my < --- < my_o,. Then by 6.6(a), V3 € [1,p —
2k],

H{mups) } = my-1p(s) = mg-
The chain m; < --- < my_g;, thus entails:
o{mypay} <+ < d{myp-2m}-
This shows, cf. 6.4(iv), that ¢ = . Thus (I). [ |

Using definitions 4.10, 4.13, and lemma 6.8, we easily get the answer to the question
raised at the outset:

6.9. Proposition. Let p, k, @, © be as in 6.8, and . be the m-extension of 1.
Then VD € D, & Vh € RP—2F

(a) A2(D,h¥) = A2(D¥= h);

() V(DY) =Y A(D,hY) = > A2(DV", ).

welly melly?
For symmetric D, we immediately get from 6.9(a) and 6.9(b) the following corol-
lary:

6.10. Corollary. Letp e Ny, k € [1,[p/2]], and w € II}. Then
(a) VD € D™, \o(D, ) is symmetric on RP~2";
(b) VD € D™, v;(D, ) is symmetric on RP~2F,

Phil. Trans. R. Soc. Lond. A (1997)
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The most convenient among the partitions in I”, is the one for which M, = [1, 2k],
and the cells occur in natural order:

(6.11) Vk € Ny, e = {{1,2},{3,4},...,{2k — 1,2k}}.
We shall refer to 7, as the k-standard partition.

A permutation ¢ € Perm(p) that is especially useful is the one for which the ¢-
distortion of m € II} is the k-standard partition 7, and which also preserves the
ordering on the set M. This is defined as follows:

6.12. Definition. Let (i) p € Ny and k € [1,[p/2]],

(i) m={{ir,ja}ts -, Lo, gut} € IIF, iy < -+ < iy

Then ¢, on [1,p] is defined by
& ¢ is increasing on M. onto [2k + 1, p].
Note. ¢ (*m) = *mp, ¢(7*) = 7} & ¢ is increasing on *7.

It is necessary to record the deformations, cf. 6.4, caused by the permutation ¢,
just defined; we leave its easy proof to the reader:

6.13. Lemma. Let (i) pe Ny, k€ [0,[p/2]] and 7 € II;).
(ii) 7 be the ¢r-deformation of m and ¢ be the (¢, ) permutation of [1,p — 2k].

Then (a’) = Tk & Vﬁ € [17p - 2k]7 (b(ﬁ) = ﬁa
(b) I(’]‘('?p)(bﬂ' = I(ﬂ_kap)'
This lemma allows us to conclude immediately from the basic proposition 6.5:

6.14. Corollary. Letp e Ny, k € [0, [p/2]], m € II}, and ¢, be as in 6.12. Then
VACRP & VheRP2k (A%")P(h) = AL (h).

Combining 6.14, 6.9(a) and definitions 4.10, 4.13, we get the following useful ana-
logue of proposition 6.9 for the k-standard partition:

6.15. Proposition. Let (i) p € Ny, k € [1,[p/2]], and w € II}?, (ii) ¢, be as in 6.12,
(iii) ¢ € Perm(p — 2k) & ¢ := 1., be the my-extension of v, cf. definition 6.6(b).
Then VD € D,, and Vh € RP—2k

No(D,h) = N, (D% h) & Mo(D,h%) = N, (D=, h).

The corresponding results for the coefficients v are, cf. 6.9(b):

peN,, Vkell,[p/2]], VDeD, VheRr 2
Vi € Perm(p — 2k) & Vep = 1/3[1,21@],
(6.16) W(D,h) =" M (D% h),
WEH:
V(D hY) = > N (DP9 h).
WGH:

For symmetric D, once again 6.15 and (6.16), together with 6.10, readily yield the
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result that AP(D,h?) is the same for all 7 and for all ¢, and that 77 (D,h") is a
constant multiple of A2 (D, h):

6.17. Corollary. Let p € Ny, k € [1,[p/2]] & 7 € II}. Then VD € DY™ & Vh €
RP=2k and Vi € Perm(p — 2k),

p
WD) =X, (D), D) = () Jawde, (D),

The second equality in 6.17 brings about some simplification in the formulae for
the covariance kernels I'79(D, E), cf. 5.1, when D or E or both are symmetric, and
this in turn simplifies the formula for the covariance (§,(D),§,(D)). We have:

6.18. Corollary. Let (i) p,q € N, be such that p 4+ q = 2r is even and q < p, (ii)
k €0, [q/2]]. Then
(a) VD € D, & VE € D™,

2k
(b) VD € Dy™ & VE € Dy,

p
Ir'’(D,E) = Z <q N 2k> Qpgr2k
)

¢pEPerm(q—2k

0.5 = (0= 200 (g o [ (DR (B (a0

x / N (D R)YA(E, )y (dR);
Ra—2k s(p—a)+k

2

(c) VD € Dy™ & VE € D™,

F]fq(D7 E) = (q — Qk)' (q —p2k> <2qk> Oép,quQkOégk

x / N (DR (B Bl (dR).
Rp—2k

TLp—a)t+k

Proof. Let D, E € D,. Then by 5.1

D.E)= ), /R o VDB B2 ().
)

pEPerm(q—2k

The results follow when one or both factors in the integrand are simplified in the
light of the second equality in corollary 6.17. ]

Another important topic is that of the action on Ls(RP) of the symmetrization

operator f i f, cf. definition 1.39(b) and (1.46). The following useful result is a
simple consequence of the permutation invariance of the measure £, cf. (6.1):

6.19. Lemma. (Symmetrization on Ly(R?)) Vf, g € Ly(RP),
(f.9) = (£,9) = (f.9).
Thus on letting Vf € Ly(RP), S(f) := f, we see that S is an orthogonal projection on

Ly(R?) onto L™ (RP), the null space of which includes all antisymmetric functions
on RP.
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It follows from 6.19 that ’flzgp < |flay,, for all f € Ly(IRP). Since for measurable
[ & La(RP), | fla,e, = 00, we see at once that

(6.20) Vfe M(B,,B), ‘JE|2,£,, < fl2,e, < 00.

There is, however, a more delicate reverse inequality to (6.20) that rests on the
¢,-negligibility of the diagonal skeleton I7, cf. (4.14). This requires first of all the
following simple results on the half-spaces S%, ¢ € Perm(p) into which RP\I? is
dissected, cf. 4.2(b), the easy proof of which we omit:

vp € N+ & Vd),lbﬂ// S Perm(p),

W) = (S =S8, & ()’ = X,
cf. definitions 1.37 and 1.42;

Y F Y = (ng)d} : (ng)wl =0 on IRP,

(6.21)

The cherished reverse inequality links the Ls-norm of f with the Lo-norms of the
symmetrizations of the restrictions of f:

6.22. Lemma. (Symmetrization inequality) Let (i) p € N, (ii) f € M(B,, B1).
Then

(1/PY[ 2., < sup [(fxa)l2e, € [0,00].
AeB,

Proof. Let S, briefly Sy, for ¢ € Perm(p), be the diagonal half-spaces of R?, cf.
4.2(b). Grant momentarily that

& V6 € Perm(p), ;, [ 1r0P (@0) = () B, € 0.00]

Then since by (4.14), I € Ny, and, cf. 4.2(b), RP\I{ = U cperm(p) So & 5o are |,

e, = [, JOPG@ = 3 [0t

pEPerm(p) Se

=pl > |(fxs,) 13s,, by (D)

pEPerm(p)

<pl > sup |(fxa) 3

50, = (P)? sup |(fxa)”
pcherm(p) A€Br A€B,

2
2,p"

)

Square-rooting and dividing by p!, we get the desired result. Here it only remains to
prove (I).

Proof of (I). Since neither f nor xg, are in Lo(R?), we are barred from using the
nice inner product notation. Instead we have to proceed by noting that for ¢ € R?,

p!(fxs,) () == Z (fxs,)(t?)

Y EPerm(p)
= Y f(t)xs, ().
Y €EPerm(p)
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Let {¢1,...,9¥p} be a denumeration of Perm(p). Then

@) ((Fxs.)™ (0] [th% v m]

= Zf ()7 x5, ()2 + D F(#¥)xs, (£7) F(19)xs, (77)
i#£]

S s, ()1 40,

i=1
since xs, (t")xs, (t¥7) = 0, by (6.21).

Hence integrating over RP,

P10 B, = D2 [ (G X)) (@0
= Z/ {(f - xs,)(®)}?C, (dt), since £, is v, invariant,

= Zlfoun =p!fxs,l3,-

i=1

Dividing by (p!)%, we get (I). [ |

7. The Lebesgue negligibility of the diagonal skeletons and of the
canonical coefficients

To advance further in the study of the measure £, we have to study all the diagonal
skeletons I}, for k € [1,[p/2]], cf. (4.5). Even though I} & D,, we have VD € D,
DN I} € D, and the coefficients v (D N I7,-) are well-defined functions on R~
Our objective in this section is to show that

(%) Vevenpe N, & Vkel0,p/2-—1], supph(DNI p/2’ ) EN, s

i.e. that all except the last of the coefficients ~; (D N I”/2 -) vanish a.e. (¢,_2;) on
RP=2k cf. (7.6). The last (i.e. &k = p/2) coefficient is always Ep{¢,(D)}, i.e. is
constant-valued, cf. 5.9. The consequences of the result (%) are crucial to the re-
maining sections.

We begin by recording some obvious properties of the skeletons defined in (4.5):

7.1. Triviality. Let p € Ny & Vk € [0, [p/2]]. Then

(a) for 0 <k <k <[p/2), I o C I} C I} C IV C I§ = RP;
(b)
U I(m,p), for even p;
WEH[LP]
T =19 7
U U I(m,p), for odd p;
i=1 7€l o\ (i)

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

\
\ \

Py
A

yA

A

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
N
A A

P

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1154 P. R. Masani

(¢) 1! is symmetric;

(d) Vk € [1,[p/2]], I} € Ny,;

(e) Vpe Ny, I? xR C 1P+,

The proof, which is quite routine, is omitted. More difficult and important is
the next lemma, to state which it is convenient to have a notation for the affine

displacements of the coordinate hyperplanes of R?, stemming from a vector h in
RP—2k,
7.2. Notation. Let p € Ny & k € [1,[p/2]]. Then Vh € RP=2k Vo € [1,k] & V3 €
[1,p — 2EK],

[h]p’yﬁ ={r:7=(7',...,7%) e R* & 1 = b’} C RF,
ie. [h]p "5 1s the affine hyperplane of R¥, parallel to the coordinate hyperplane {7 :

7 € R¥ & 7 = 0}, obtained by translating the latter along its normal a distance hg.
Obviously dim[h]2"; = k — 1. For k = 0, we define [h]2, := 0.

a,B -

For each a there will be p — 2k such parallel hyperplanes. The total number as «
ranges over [1,k] is k(p — 2k).%

Ezample. For p =7 and k = 3, we have h € R!, and so k(p — 2k) = 3. It is easily
checked that the three affine hyperplanes [h]z?’l of R3 for o = 1,2, 3, are the planes
{x =h}, {y="h}, {z=h}in R

7.3. Main lemma. Let (i) pe Ny & k € [0, [p/2]],
(i) mell’! & A:={1,7} C[1,p] & A & .
Then (a) Vh € Re=2F .= Rp=2k\ [P72F

k p—2k

mrcrul] Uhhs € N

a=1 =1
(b) Vh e RE=2% & VD € Dy, No(D U I%, h) = 0.
Proof. (a) Let first k € [1, [p/2]],
(1) m={{i, i}ty Lo dn}t €Y & h=(h',... WP~ 2F) c RE72K,

We first show the inclusion in the result, to wit

k p—2k
0 A= 30 = o tUR N B@) < 1o U U
Proof of (I). Let 7 = (7',...,7%) € A. Then
(2) T = g (t) where tec I NIE(R).
Since t € IP(h), therefore, cf. (ii),
(3) Vo € [1, k], ™=t =t, & VBEIl,p— 2k, tm, = hP.
But since by (2), t € I}, therefore, cf. (ii),

8 For p even and k = p/2, this number is zero, and the symbol [h]i% is meaningless.
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Now let
(5) M7Ir = [17p]\M7r = {mﬁlv cee 7m18p—2k)}7 mg, <+ <Mg, -
Then we have four possible cases depending on whether both or none or just one of
7, 7are in M_.
Case 1. Let © & j € M.. Then by (5), 3061, B2 € [1,p—2k| such that 7 = mg, & 7=
mg,. Hence by (3) and (4),

WOV =ty =t =t =1y, =h™,

B

and so h = (h',..., W% ...,
ANIe(h) =0 and so A = 0.

Case 2. Let 1 & 7 € M,. Then Jay,as € [1,k] such that 7 € {in,,ja,} & T €
{ias,Jas }- Therefore by (3) and (4),

TN = =1, :t{:tj:t

lay

RP2 ... hp=2) e P72 But by (1), b & I’ **. Hence

Here o) # ag, for were oy = a, then A = {2,7} = {ia,, ja,} € 7, in contradiction
to (ii). Thus 7 = (71,..., 7%, ..., 7% ... . 7F) € I}

Case 3. Let 1 € M, & 7 € M. Then again Ja € [1, k] such that 7 € {i,, j.} and
36 € [1,p — 2k] such that 7= mg. If 7 = i,, then by (3), (4) and (5),
T =t, =t =t;=t,, =h’.
If 7 = j,, then again by (3), (4) and (5),
T =1, =ty =t;=tm, = h’.

Thus 7 = (7%,...,7%,...,7%) and 7® = hP; ie. 7 € [h]i%

Case 4. Let 1 € M) & 7 € M,. Then again 33 € [1,p — 2k| such that = = mg € M.,
and Ja € [1, k] such that J € {ia, jo }. Hence, by the arguments used in Case 3,

T =t =t =t;=t;=ty, = h".

Thus 7 = (7172 7F) € [h}gkﬁ

Combining the four cases we see that

k p—2k
N
rerfulJ | meEL
a=1 =1
As this holds V7 € A, we have (I).

Since by 7.1(d), If € Ny, and each [h]g’ykﬁ, being of dimension k — 1, is also £j-
negligible, hence so is the union on the RHS of (I). This establishes the result (a) for
ke [l,p].

Finally we consider the case p € Ny and k¥ = 0. Then for 7 € II¥, = = 0.
Consequently, by the note to 4.10,

VheRr,  (I)(h) = { (0}, hely

0, heRM\IT.
But I % C I7. Hence for h € R2, the first alternative is ruled out, and we get
Vh € R?, (I%)g(h) = 0.
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Thus the inclusion in the conclusion holds trivially, and it only remains to show
that the RHS of the inclusion is in Np,, i.e. show that the RHS is (). But this is clear
since by 4.1, I? = (), and cf. 7.2, [h]ikﬁ =( for k=0.

This completes the proof of (a).

(b) Let D € D,. Then by (a)

Pre [DNIENIZ(R)] C pre [I% N IE(R)] € N,
Since D N 1% € D,, it follows on taking the ¢, measure that A2 (DN I%, h) = 0. Thus
(b). [ |

To subsume in one formula the several cases occurring in the next theorem, and
in the sequel, we shall adopt the following convention:

7.4. Convention. Let k € N, & A € By. Then

(a) 0- A shall mean a set in Ny, ;

(b) 1+ A shall mean a set that is ¢, essentially equal to A, i.e. such that the
symmetric difference 1-A + A € N, .

7.5. Theorem. Let (i) p € Ny & k,k € [0,[p/2]], (i) 7 € II{ and & € II'. Then
with the convention 7.4, we have -

(a) Vh € RE=2F, {I(7, p) }a(h) = X(o,5) (k) x2r (7) - RY;

(b) for m, 7 € II} & Yh € R2=2% {I(7,p)}2(h) = 6z » - RF.

Proof. (a) Case 1. Let k € [1, [p/2]]. There are now three subcases:
kel0,k] &7 €2 kel0,k] &7 &2, k&[0, k]

Let h € RP~2F. We have to show that the equality in (@) holds in each subcase, i.e.
we must show that

(1) kel[0,k] & 7 € 2" = {I(7,p)}’(h) =1 R,
(IT) Eel0,k] & 7 ¢ 2" = {I(7,p)}2(h) =0-R",
(1) k & [0,K] = {I(7,p)}%(h) =0-R".

We first note that since, cf. (4.7),
I(m,p) N I(h) = I(h) = R" N I7(h),
therefore applying the operator p,-, we get
(1) {I(m,p)}¥o(h) = (RP)Z =R*, by 4.11.
Proof of (I). Let k < k & 7 € 27, i.e. # C . Then, cf. (4.7),
I(m,p) = ﬂ I C ﬂ I =: I(7w, p).
Aem Aem
Hence by (1) and the monotonicity of the homomorphism in 4.11,
RY = {I(m,p)}n(h) € {I(7,p)}5(h) SR,

i.e. we have the equality in (I). B
Proof of (II). Let k < k& 7@ & 27, i.e. @ € m. Then 3A € 7\w. Hence by 4.3,
I(7,p) :=Naex Ia € I, and A ¢ 7. Hence by the monotonicity

{I(7,p)}7(h) € (I3)5(h) € Ny, by 7.3(a),
i.e. we have the equality in (II).
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Proof of (I11). Let k ¢ [0, k]. Then k < k < [p/2]. Also & has more cells than , i.e.
JA € 7\7. Hence exactly as in Case II, we can conclude that the equality in (III)
holds.

This finishes the proof of (a) in Case 1.

Case 2. Let k = 0. then p — 2k = p and by (ii), 7 = (). Hence there are just two
subcases:

k=0 & a=7n=0; k¢[0,k], ie kell,[p/2].

Let h € RP. We have to show that the equality in (a) holds in each of these two
subcases, i.e. show that

(1) k=0 & a=7n=0= {I(7,p)}2(h) =1-R"

(1) k€ [L[p/2]) = {I(7,p)}a(h) =0 - R".
We first recall, cf. the note to 4.10, that for all 7 = H]%’,

{0} =R", if h € I(7,p);

@ {I(mp)}ﬁ(h):{Iw)}g(h):{@E N itheznIm)

Proof of (I'). Let k =0 & © = 7 = (). Then I(7,p) = I(0,p) = R?, by 4.3. Thus
the second alternative in (2) is impossible. The first alternative prevails, i.e. we have
the equality in (I').

Proof of (I'). Let k € [1, [p/2]]. Then by 4.3, I(%,p) C IT. Now h € RE = RP\I} C
RP\I(7,p), i.e. the second alternative in (2) prevails. Thus {I(7,p)}2(h) € Ny, i.e.
we have by convention 7.4, the equality in (IT).

This finishes the proof of (a).

(b) When k = k, we have x5 (k)x2~(T) = 6z~ and (b) follows from (a). [ |

The last theorem yields the following useful corollary on how the intersection of the
set D € D, with different diagonal skeletons I f shrinks the support of the canonical

coefficients 77 (A, -) on RP~2%:

7.6. Corollary. Let p € N, and k € [0,[p/2] — 1]. Then
(a) Vj e [k+1,[p/2]] & YD € Dy, suppyp(DNI7,-) € Ny, 5
(b) in particular, VD € D, suppv4(D N I[’;/2], ) eN,

p—2k*

Proof. (a) To fall back on our previous notation, write k instead of j. Then k €
[k+1,[p/2]], i.e. k & [0, k], and therefore by theorem 7.5(a),

(1) VheRY™?F Vrelll! & Vaelll, {I(z,p)}i(h) €N,

Now fix h € R~ & m € II}}. Since, cf. (4.5), I} = U, v 1(7, p), therefore appealing
to the Boolean homomorphism in 4.11, we get *

(2) IDahy = |J U@ p)Ye(h) € Moy, by (1),

~c 7P
TK'EHE

Now let D € D,. Then since obviously (D N I7)2(h) C (I7)%(h), we see from (2)
that (DN I7)E(h) € Ny, i.e.

Me(DNI)E(h) = G [(D N IE)E (R)] = 0.
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As this holds for all © € I}, we get

(3) HDNIE ) = > M(DNIEh)=0.
‘n'EHp

As (3) holds for all h € Rp=2F = Rp—2k\ [P72% ' we see that

supp (DN IY,) C II*F e N, by (4.14).

p—2k)
Thus (a).
(b) just records (a) for the terminal case j = [p/2]. [ |

This brings us to our concluding theorem, on the second absolute moment of
&(DNI,) for even p:

7.7. Fundamental theorem. Let p € N, be even. Then
VD € Dy, Ep{& (D N p/z)} = [& (D ﬂ[£/2)|52.

Proof. Let D € D, and write C' := DN Iﬁ/z for brevity. Then by 5.7, 5.3 and 5.9,

[p/2] (p/2)—1
16,(C Z rprPe,.cy= > IPP(C,C)+[Ep{&(C)}
k=0

Hence we have only to show that

(1) wke0,(p/2)—1],  IP(C,C)=0.
Proof of (I). Let k € [0, (p/2) — 1]. Then by 5.1,
W meo= X[ KAy ()

¢€Perm(p—2k)
But by corollary 7.6(b),
supp Y (C,-) == supp (D N1}y, ) € N, s,
Hence RHS(1) = 0, i.e. we have (I). [ |

Thus, for even p, the second absolute moment of £,(DNI 5 /2) is equal to the square
of its expectation, i.e. its standard deviation vanishes. Thus

(1) (DN =Ep{(DN L)L ae (P) on Q.
It follows from 5.9 and the fact that, cf. 7.1(b), V7 € I}y ), I(7,p) C I? b0 that
RHS(1) = Y fypelox{DNI,NI(r p)}
WEH[I p]
= > bploe{DNI(mp)}] =Ee{& (D)}
7T€H[1)p]

We thus obtain the following important corollary to the effect that for even p, taking

the intersection with the smallest diagonal skeleton 15/2 reduces the random variable

&y to constancy; more precisely:
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7.8. Corollary. Vevenp e Ny & VD € D,,
&(DN Ig/z)( ) = Ep{&,(D)} a.e. () on (2.

8. The subspaces S¢, spanned by the ¢,

Our goal now is to study the relationship between the subspaces S of £, spanned
by the ranges of the measures &,, p € Ni. In symbols, with the notation 1.1(f),

(8.1) VpeN,, 8, :=6&{§(D):DeD,}C Ly

It is convenient to extend this symbolism to p = 0, by letting &, be the trivial
measure introduced in 3.1. Then &, is the one-dimensional subspace of L, spanned
by all constant-valued functions. Writing 1(-) for the function on Q whose value is
constantly 1, we have

(8.2) Se, i={c-1(-) : c e R} C Ls.
We first assert that to determine S, it suffices to restrict §, to the pre-ring P,.

For this we appeal to the theory of the control measure. From the local strong
boundedness of &,, cf. proposition 5.8, it follows that

(8.3) I € CA(Dy,Roy) 2§ < .

This is a theorem of Brooks (1971); for &,, however, we have the specific realization
= p, given by 5.23(b). Now it is classical that if p € CA(D,,Ro), where D =
6-ring(P), P being any pre-ring, then for all D € D, there exists a sequence (P,)5°
in P such that p(D) = lim, . u(P,). It follows from this and (8.3) that

(84) VD € D,, J a sequence (P,)%, in P, 3 &,(D) = lim &,(P,).°

From (8.4) we see at once that
(.5) Se, = S{,(P): PPy,

This equality is useful since it is easier to deal with P, than with D,.
To turn to the relationship between the subspaces S, we first assert that

8.6. Triviality. Vp,q e N,, S, 1L S;, <= p+qisodd

Proof. The implication <= is immediate from (3.9) and (8.5). As for =, let
p+q = 2r be even, and A € P; be such that ¢;(A) > 0. Then A? € P,, A? € P,,
and a routine computation based on the covariance formula in 3.13(a) and 6.18(c)
shows that

(6(A7), &(A) = |6 (A7) = {£1(A [vﬁﬁ;() r —2k) (agk)2]>0.

Thus, &,(AP) is not L to £,(A?), and therefore, S¢, is not L to S, . |

We investigate next the relationship between S¢, and S¢, when ¢ < p and p + ¢
is even. It turns out that S¢, C S,. To establish this far from obvious inclusion, we

9Tt is possible to prove (8.4) without appealing to (8.3), but the construction of the P, is complicated.
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first restate the important corollary 7.8 involving the diagonal skeleton I 5 /o In terms
of S&OI

(8.7) V even p, &HDONI,) =Ep{(D)} - 1() € S

In the light of (8.7), to show that S¢, C S¢,, for even p, we have only to select a
D in D,, for which Ep{¢,(D)} # 0. The easiest choice is to let D be a hypercube, i.e
to let D = AP, where A is a (non-void) interval in P;. Recall that by 1.19(d)

(8.8) Veven p € Ny & VD € D; such that ¢;(A) > 0,
' Ep{€p (A7)} = appa{ts(A)}2 > 0.

The set AP serves not only in showing that S¢, C S¢, for even p, but in showing
more generally that Se, C S¢,,,:

8.9. Theorem. Vp, k€ Noy, S, C S, .-
Proof. Take any A in D; such that ¢;(A) = (1/a)*/*. Then (8.8) tells us that

(1) A Dy & Ep{ean(AZ)) = 1.
Now E, := A% N I?% € Dy, and taking p = 2k in (8.7), we get, using (1),
(2) Eor(Ea) = Ep{&ar(A%)} - 1(-) = 1().

Now let D € D,. Then by (5.13), D X E4 € Dy, and
&(D) =&(D) - 1(-) = &(D) - &ax(Ea) by (2)
= &pron(D X Ea) € S¢, o0 by theorem 5.14.
It follows that S¢, C S, ., - u

For k # 0, S¢, # S¢,,.,., obviously, i.e. the inclusion is proper. We may therefore
sum up the relationship between the subspaces in the scheme:

Sty €8¢, T8, T+ C 8¢y, Covv
Sfl C853CSE5C"'CS€2k+1 -

(8.10) N -
U szm 1 U szn+1‘
m=0 n=0

Let us write:

(8.11) L5 :=cls U Sty (L) :=cls U Se,. s (L5)” :=cls U Seonir-
n=0

k=0 n=0
Then from (8.10) it follows that
(8.12) L5:=(L5)” +(LH)T, (L5~ L(LH™

Taking into account the important property (8.5) of the spaces S, , it is clear that
L5 is the closure of the set of all linear combinations of 1(-) and of finite products
such as £(P')-&(P?)---&(P?), where P* € D;. In this, g can be any positive integer.
These products include of course the powers £(Q)?, where Q € P;. We can include
the unit 1 in the collection of powers by taking ¢ = 0 : £(Q)° = 1(-). Thus letting
(8.13) Ag := the (unitized) linear algebra over R spanned by &;(D,), i.e. by

the range of &,
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Homogeneous chaos 1161
we see that
(8.14) L5 =clsA; in Lo
Thus we may restate (8.12) in the form
(8.15) csAe = (L£5)” + (L5,  (£3) L (L5
The special case cls A = L, is of interest. Recalling that £, = Lo(Q, A, P;R), let
(8.16) Ag := o-alg{¢ 1 (P): P € P,}.

Then obviously As C A. We have, cf. Kakutani (1950, pp. 319-320), the following
result:

8.17. Proposition. The following conditions are equivalent:
(Oé) cls Ag = £2 = LQ(Q, A, ]P); R),
(B) VA € A, 3B € A¢ 5 P(A+B) = 0, where + refers to the symmetric difference.

Thus by restricting the initial o-algebra A to A and correspondingly restricting
the probability P, we can ensure the condition 8.17(«), and affirm the orthogonal
decomposition (8.15) for the entire space Lo : Lo = (L£2)™ + (L£2)T, L5 L L.

The equality (8.7) shows that for even p, intersecting a set D in D,, with the
diagonal skeleton I;’/Q has the severe effect of forcing &,(D N 15/2) to fall into S, i.e.
of turning it into a constant-valued random variable. How correspondingly severe is
the effect of intersection with the other skeletons? The answer is that £,(D N I}) €
Se, o> cf. 8.21 below. Interestingly, this general result can be proved by use of the
special case of (8.7) for p = 2, namely,

(8.18) VD € D, &(DNIT) € S,

This happens, thanks to the following simple result on the k-standard partition
(6.11):

8.19. Triviality. Letp e Ni, k€ [1,[p/2]] &
m = {{1,2},{3,4}, ..., {2(k — 1),2k}} € II}y o1

Then I(my,,p) = (I3)* x RP2F,

It is convenient to state as a separate lemma, a harder result needed in the proof
of the theorem to follow:
8.20. Lemma. Let (i) pe Ny & k € [1,[p/2]], (ii) ® € II}. Then

VD € Dy, DN I(m,p)} € Se, -
Proof. We first show that it suffices to take 7 to be the k-standard partition 7.

For take ¢ = ¢ € Perm(p) as in definition 6.12, so that {I(m,p)}? = I(my,p), cf.
6.13(b). Then by 6.1(a),

&EAD N I(m,p)} = &[D? N I(m,p)?] = &[D? N I(my, p)].
It thus suffices to show that
(I) VE € Dp, fp{E M I(ﬂ'k,p)} S 85p72k'
Proof of (I). Case 1. Let E =P = P! x --- x PP. Then

p
E=(P'x P?)x--x (P* 1 x p?yx X pi,
i=2k+1
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and by triviality 8.19,
I(m,p) = If x - x I x RP7?F,
the factor I? being repeated k times. Thus,
P

ENI(mp,p)={(P' x P)N I} x - x {(P* 1 x P*)n 2} x X P
1=2k+1

Iterated application of theorem 5.11 now yields

BN I(mp)} = G{(P' x PN I} - &{(P* ' x P*)n 1) s( X Pi)

i=2k+1

:Cll()ck1< fp 2k< >< Pl> ESSP_M, by (818)

1=2k+1
Thus
(1) VP € P, E AP N I(mk,p)} € Sty

Next consider D = R € R,,. Since R = |J] P;, where P; € P, are ||, it easily follows
from the finite additivity of &, that

(2) VR € Rpa gp{R N I(ﬂ-k’p)} € S§p72k"
Finally, let
F = {F B e Dp & gp{FﬂI(’]Tk,p)} S S&pf%}.

Then by (2), R, € F C D,, whence D, = §-mon(F). But it is easily seen that F
is itself a 6-monotone class. For let Vk € N, F;, € D & Fj, | E. Then E € D, and
since each &,(Fy) € S¢,_,,, it follows from the countable additive of &, that

§p<E) = nhj& gp(Fk) € Sip—zk'
Thus, E € F. The same argument shows that
Vk € N4, F.eF & FbLTECFeF=EckF.

Thus, D, = é-mon(F) = F, i.e. VD € D, {,{D N 1(my, p)} € Se,_,,- This proves (I).
|

8.21. Theorem. Letpe N, & k€ [1,[p/2]]. Then VD € D, §,(DNI}) € Se, -
Proof. Let D € D,. Then
DnIf= |J{DNnI(mp)}
nelll

There are, cf. (1.17), r := (%) gy, terms in this union, which we may denumerate in
any order by denumerating the partitions 7 as 1, 7o, . . ., .. Then, writing Vi € [1, r],
D., := DN I(m;,p), we have DN I} = J;_, Dx,, whence by the inclusion-exclusion
principle

r—1 T
Dﬂ]p ZEP 72 Z fp(Dm ﬂDﬂj)

i=1 j=i+1
++ (71)T+1£p(D7r1 N Dz, ---N Dm)
(1) =8 =S+ -+ (=1)S,,  say.
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Now by lemma 8.20, Vi € [1,7], {,(Dx,) := &[D N I(7m;,p)] € Se,_,,. Hence S; €
Se,_,,,- Next consider the generic term in Sy, namely,
(2) §(Dr; N Dry) = E{D N I (i, p) N I (75, p)}-

Since D N I(m;,p) € Dy, it follows from lemma 8.20 that RHS(2) € S, _,,. Thus,
§(Dx, N Dy,) € S, _,,, whence

r—1 r
Sp=> > &DrNDy)€ESe, .

i=1 j=i+1

Proceeding in this way, we can show that S3, Sy,...,S, € S, _,,. The result now
follows from (1). |

9. Concordance of the orthogonal and Lebesgue decompositions
My + Cp of §p

Let Ly be a (closed linear) subspace of Lo. Denoting by proj(z|Ly) the orthogonal
projection of a vector x € L5 on Ly, we now introduce the measures obtained by the
projection of £, onto S, and onto Sglq:

9.1. Definition. Let p € N, & g € N, be such that p + ¢ be even and g < p. Then,
VD € Dy,

np,q(D) = prOj(fp(D”S&t), Cp,q(D) = prOj(fp(D”qu).

It follows of course that
9.2) { Vp, q as in definition 9.1, 1, 4,(pq € CA(D,, L2) &
VD € Dy, &p(D) =pg(D) + Cpa(D), Mpg(D) L Gpq(D).
From this we readily get the following result:

9.3. Triviality. Let p,q be as in definition 9.1,
(a’) Sfp = qu + Snp,q’ qu € 877
(b) Sy, = Se, N Sglq.

p,a’

Proof. (a) The orthogonality is obvious from the definitions of 7, , and ¢, 4, as is
the inclusion

(1) Sfp g qu + S”?p,q'
Next, by the crucial inclusions (8.10),

Mp,q(D) = &(D) = Gpq(D) € S, + 8¢, € S,
whence S, C &, and therefore certainly

(2) qu + 87] c 8512'

.9 —

By (1) and (2) we have the equality in (a). Hence (a).
(b) is just a restatement of (a). [ |

The next theorem asserts that the projection ¢, ,(D) can be had by intersecting
D with the (p — ¢)/2th diagonal skeleton of R?, roughly speaking. More precisely:
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9.4. Theorem. Letpe Ny & j € [1,[p/2]]. Then, VD € D,,

Cpp—2i(D) =&(DN If), Npp—2i (D) = fp(D\If)é
in particular (for j = [p/2])
for even p, (,0(D) = &,(D N 15/2)7 Mpo(D) = Ep(D\II];/z):
for odd p, (1 (D) = &(D N I[I;/2]—1)’ 1p,1 (D) = gp(D\I[Z;/z]—l)'

Proof. Let D € D,. Since by theorem 8.21, §,(D N I]) € S¢,_,;, to prove the first
equality we have only to show that

(I) gp(D) - gp(D N If) 1 S£p72j'
Proof of (I). Let E € D,,_5;. Then by the covariance equality 5.3,
(& (D) = &(D N I7), §p—25(E)) = (&(D\I]), {25 (E))

((p—25)/2]

(1) = Y IP"U(D\LE).

k=0
Writing D = D\I7, we have, cf. 5.1
@ BrEOE= Y [ DRt (h)
pEPerm(p—2j) Rp—2J
and Vk € [13 [(p - 2.7)/2]]7
(3) IP"™(D,E) := > / k(D T (B hO) o (dR).
¢pEPerm(p—25—2k) Rp=2j-2k
Now grant momentarily that
(A)  Vke[0,[(p—2§)/2]], Vrelll,, & VheRP?UH  \(D h)=0.
Then7 Vk € [07 [(p - 2])/2]]7
V(D k)= Y X(D,h) =0,

P
7r€Hj+k

whence by (2) and (3) for each k € [0, [(p — 27)/2], I?*~*(D,h) = 0, and by (1),
(D) = &(DNIT) L&, ;(E). As this holds for any E € D,,_»;, we have (I).

It remains to justify (A).

Proof of (A). Let k, w, h be as in (A). Then

4)  A(D,h) = Lirlpa- {(D\I]) N IZ(h)}] = Cjilpn-{D N (TR(W\IT)}].
But by (4.7) and 7.1(a), I2(h) C I(m,p) C I}, C I7, ie. I2(h)\I] = 0. Hence by
(4), \2(D, h) = 0. Thus (A).

This establishes (I) and with it the first equality in 9.4. The second obviously
follows from this and the equality in (9.2). [ |

In exact analogy with 5.22, we deduce as a corollary of 9.4:
9.5. Corollary. Letp € Ny & j € [1,[p/2]]. Then Vz' € (L) & VA € B,,
2 0 i l(A) = [t/ 0 GI(A\),  [a 0 Gpposil(A) = |2 0 G (AN I2),
Phil. Trans. R. Soc. Lond. A (1997)
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7" 0 &|(A) = |2" 0 mpp—25[(A) + [27 0 (. p—25(A).

The two-step projections 7, ,_2 and ¢, ,_2, obtained by taking j = 1, are the really
important ones and we give them a special notation: n, := 1, ,_2, (p := (p p—2. More
fully,

9.6. Definition. For p € N, p > 2, we define, VD € D,

p(D) = proj(§y(D)IS;; ), (D) = proj(§,(D)|Se, .)-
For completeness we set 7, 1= &; and ¢4 := 0, 19 := &p.

As a special case of (9.2), we have

Vp € N+, npvgp € CA(DIJNCQ) &

(9.7)
VD €D, fp(D) = 77p<D) + CP(D)7 np(D) 1 (p(D)'

Also, triviality 9.3 yields as a special case the following orthogonal decomposition
for the subspaces S¢,:

9.8. Triviality. Let p,q € Ny & 2 < g < p. Then
(a) Sgp = S”]p + S§p72, 87717 1 Sgpfz,'
(b) Sy, = Se, NSy,

() Sy, LS,,, even for ¢ =0 and 1.
By iteration of the decomposition 9.8(a), we obtain the orthogonal decompositions:

Voddp>1, &, =8, +8, ,+ +8,+S,,

Mp—2

Vevenp >0, S, =8, +8,,_,+ +8,+S,,

p—2
(9.9) Vp,g e Ny 3 p+qiseven & g <p,
[((p—q)/2] [(p—q)/2]
Se, = Z Sngva; T Sey Z Spyva; L Se,-
j=1 j=1

It follows at once from the first two equalities in (9.9) that

[p/2]
(9.10) VpENL & VD ED,, (D)= proj(&(D)S,, ..)-

k=0

b

To turn to the connection between 7,, ¢, and the Lebesgue components 7, &),

note that on taking j =1 in 9.4, we get
(9.11) VDeDp, (D) =&(DNI),  np(D) = &(D\IY).

On comparing this with the definitions of 7, fz in (5.16), and recalling the Lebesgue
decomposition theorem 5.18, we get at once the following useful result:

9.12. Concordance theorem. Let p € N,. Then there is a concordance between
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the two-step orthogonal decomposition of §,, and the Lebesgue decomposition of &,
with respect to £,. More precisely,

VD eD,,  ((D)=&(D) & ny(D)=Ex(D).
Moreover, 1, and ¢, are equivalent, i.e. N, = Ny, .

In the light of this theorem we shall abandon the notation &7, 5;; in favour of the
shorter 7,, (,. For ready reference in the sequel we restate the results 5.17(a)—(d),
5.18(b), (6.3), 5.22 on &%, &) in terms of 1, (p:

9.13. Proposition. (Summary) Let p € N,. Then

(@) VD, E € Dy, (1p(D), 1p(E)) = - gcpmmipy LoD 1 %), Ep{ny(-)} = 0 on Dy
(b) VD € Dy, V(D) < gy, (D) = [np(D)] = sy, (D) < v/plV/£p(D);

(c) VA E By, VIlp|(A) < gy, (A) = s, (A) < VDIVIG[(A);

(d) np & £, are equivalent: Ny, = Ny, & £, 1 (5

(e) VD, E € Dy, [p/2]

(¢, (D Z I'™(D, E);

(f) V¢ € Perm(p) & VD € D, 1,(D?) = 77p( ), &(D?) = ¢(D);
(9) Vo € Perm(p), Vo' € (Lo) & VA € B,,

@ 0 mp| (A7) = [a" o mp| (), |2" 0 G[(A?) = [a" 0 G| (A);
|27 0 &[(A) = |2 o mp[(A) + |2 0 G| (A);
(h‘) VA € Bp? %{S"']p (A) + SCp (A)} g Sgp (A) < 8"711 (A) + SCP(A)
9.14. Remarks. A comparison of the formulae in 9.8(c), 9.13(a) and 5.3 shows that
the covariance structure of 7, is considerably simpler than that of ¢,. Indeed when

restricted to the é6-ring DY™ of symmetric subsets of D, the 7, are biorthogonally
scattered:

YDEDI™ & VEEDP™,  (n(D),ny(E)) = py(D N E)- by
Thus, Rstr.psym n, € CAOS(DY™, Ly).
An expression for proj(&,(D)[S,, ) in terms of §,(-), where ¢ < p and p — ¢ is even,

involving diagonal skeletons as in theorem 9.4, emerges as a simple corollary of the
latter. It is convenient to introduce the notation

(9.15) Vpe Ny, Vkel0,[p/2]] & VD €D, &i(D):=proj(&(D)|S,, ..)
Note. Obviously, &,¢(D) = n,(D), and

(D) ::{prOJ( (D)[Se,) = (pa(D), podd,
8 prOJ( (D)|8£o) Cp,o(D), p even.

With this notation, we have:

9.16. Corollary. Letp e N, & k € [0, [p/2]]. Then
(a) VD € Dy, &i(D) =E,{DN (Ilf\llerl)}; where I[p/2]+1 =0;
(b) Vo' € (La)' & VA€ By, |2/ 0&x|(A) = |20 &I{AN (L)}
(c) V¢ € Perm(p), Vo' € (L)', VD € D, & VA € B,,
§p,k(D¢) =&i(D) & J2lo 5p,k|(A¢) = [z’ 0 &, k[(A).
Phil. Trans. R. Soc. Lond. A (1997)
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Proof. (a) Let D € D, & 0 < k < [p/2] — 1. Then since by (9.15), §, x(D) =
proj(&,(D)[S,, _,.) and by 9.8(b), Sy, ., = Se, o, N Sey oy, it follows, cf. 9.1, that
Epe(D) = Gpp—26(D) = Cppr2r—2(D)
=6(DNIE) - &(DNI) by theorem 9.4
:ﬁp{Dﬂ(I,f\I]fH)}, since I};_H CIy.
But the last equality also holds for k& = [p/2], for then I}, := (), and we know from

9.4 that
_ Cp,O(D)
&p.lp/21(D) = { ¢ (D) } Ep(D NV )

Thus (a).

(b) follows on applying the classical triviality that if 0 is defined on D, by po(-) =
wu(- N B), where B € By, then |uo|(-) = |u|(- N B) on B,.

(¢) follows at once from (a) and (b) by virtue of the symmetry of IP\1?, ,, cf. 7.1(c)

Theorem 9.4 and corollary 9.16(a) show that there is a kind of isomorphism be-
tween the calculus of projections of £,(D) on the S¢, and Sg; , and the set-theoretic
calculus of diagonal skeletons.

To turn to the expectations of the measures we have been considering, much light
is shed by the easily proved result:

(9.17) Vo € Lo, proj(z|Se,) = Ep(z) - 1(+).
We have the following proposition:
9.18. Proposition. Let pe N, & D € D,. Then

(a) for odd p, Ep{¢,(D)} = 0, and for even p,

Ep{&(D)} = 6D NI} = Y Ly{DNI(mp)k;

TK'GH[LI,]

+10

(b) for 1 < q < p such that p — q is even,
Ep{n,q(D)} =0 & Ep{(pq(D)} =Ep{& (D)}

Proof. (a) For odd p, see 5.9(b). For even p, the two equalities just repeat theorem
7.7 and 5.9(a).

(b) For odd p, E]p{np (D)} = E]p{f D\I, = 0 by 9.4 and 5.9(b). For even
p, since Sg; € Se, L S and 7, ,(D) = proj( fp(D ) L S, it is clear from (9.17)

that EP{W}? q( )} 0. émce Cpog fp Mp,g- 1t fOHOWS tilat EP{CP o(D )} = ]EP{fp( )}-
Thus (b). ||

Taking ¢ = p — 2 in 9.18(b), we recover the second equation in 9.13(a):
(9.19) Vpe Ny & VD eD,, Ep{n(D)}=0 & Ep{G(D)}=Ep{{(D)}

Finally, we note that the orthogonality of the decompositions in (9.9) allows us

to infer the following orthogonal decomposition of the subspace £§ of Lo defined in
(8.11):

oo o0

(9'20) ‘Cg = ZSW ) [:5 28772k+17 (£§)+ = anzk'

k=0 k=0

Phil. Trans. R. Soc. Lond. A (1997)
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Part II. Chaotic integration

10. Integrability and integration with respect to the measure 7,

Because of the greater simplicity of the covariance structure of 7, in comparison
with that of &,, cf. 9.14, we shall first attend to integrability and integration with
respect to 7),,. Later (§ 13) we shall show that integration with respect to &, is reducible
to integration with respect to 71,. The rudiments, however, which apply to both
measures, are dealt with in Appendix A under the neutral notation

p € CA(D, H),

where D is any 6-ring over a space A, and H any Hilbert space. There the fundamental
classes S (D, R), Py, of D-simple and p-integrable functions, respectively, are defined,
as is the operator [, of integration with respect to p, cf. (A.12), (A.10). The reader
is requested to consult this appendix.

To turn to results specific to the measure 7,, we have first:

10.1. Lemma. Vf,g € S(D,,R), cf. (A.4),

(%) (Ey, (), En, (9)) = p! /RP F)g(t)e, (b,

where f , § are the symmetrizations of f and g.

Proof. Let f =Y akXDys 9 = D pey bkXE. & Dy, Ex, € D,. Then using the
definition (A.25), of I, (f) for simple f, and 9.13(a), it is easily checked that the
LHS in (x) is equal to

(1) SN S ate S 4mnET.

j=1 k=1 ¢EPerm(p)

Next, symmetrization ~ being linear, cf. 1.46, the RHS in () is equal to

(2) pl Z Zajbk(XDjaxEk)Qvep'

j=1 k=1
But since ~ is in fact an orthogonal projection, cf. 6.19, the last inner product equals
1

(Xp,> XE )20, = (XDj> XEL )20, = — > (XDpXE;sfl)up
" ¢€Perm(p)
1 .
= > L(D;NE; ).
" ¢pePerm(p)
Thus the RHS in (x) also equals (1). [ |

We next assert:

10.2. Lemma. Let f € Py, . Then
(a) f € M(BZHBI)’ f € Plﬂlp & f € L2(Rp);
(b) VS S S(DINR)’ \/p' |f - ‘§|2,€p < |f - S|1,7]p-

Proof. (a) The first statement is a part of the definition of Py, , cf. (A.17) and
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(A.10), and that fe Py, is clear, since 7, is a permutation-invariant, cf. 9.13(f)
and A.35(b).
Next, by (A.14) and (A.26), there exists (s,)52; in S(D,,F) such that

& By, (f = )| SI(f = 0l =0, a5 11— oo,
Thus, Vm,n € N4,

IE,, (5m — 5n)| < |8m — snlim, — 0, as m,n — oo,
i.e. by the last lemma (with f =g = |s;, — snl),
(2) VP 3m = 3nl2e, <|Sm — Snliy, — 0, as m,n — oo.
It follows from (2) that
(3) Jg € Lo(R?) 5 |5, — glae, — 0, as n — oo.

We now appeal to the subsequence principle A.15, and obtain a subsequence
(80, )72, and a set N € N, =Ny , cf. 9.13(d), such that

Vt € RP\N, klim sn(t) = f(t) & klim Sy (1) = g(t).
It follows that f = g, a.c. £, and a.e. 1,. Hence by (3), f € Ly(RP). Thus (a).
(b) Let s € S(Dp,R). Then exactly as with (2), we have
(4) Vm € N4, VP 5m = 3l2.e, < |8m — 8|1,
Letting m — oo, we conclude from (3) and (1) that
VP g = Sl < [f = slin,:
Since g = f, we have (b). [ |
10.3. Theorem. Letpe€ Ny & f,g € P1,,. Then

(@) (En, () En,(9))e. = PN(f29)2.0,5
(b) |IE (e, = VP 20, < VP2, for symmetric f, [y, (f)]c, = VP! | fl2.,;
(©) By, (1) = E,, (f);
(d) EP{Enp(f)} =0.
Proof. (a) By (A.14), there exists functions s}, s2 € S(D,,F) such that
(1) sh = flim, =0 & |s2—gli,, —0, as n— oc.
By lemma 10.1,

(2) By, (5n) Ba, (57)) = pl(5,, 53)-
By definition A.26, LHS(2) — (K, (f),E,, (9)), as n — oo. Next, by (1) and lemma
10.2(b),

3, = floe, = 0 & |3 =Gl =0, as n— oo,
whence, RHS(2) — p!(f,§). Thus (2) reduces to (a).
(b) The equality in (b) follows on taking g = f in (a), and the inequality from
(6.20). Thus (b).
(¢) By (b) and the equality f 1,
B, () = B, (1) = VDU = ) |2, = [(F = Fl2e, = 0.

Hence (c).
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(d) We appeal to the Pettis property (A.32), (A.33) that

LHS(d E[p){/ f(t)n, (dt) } / f(t)- (Epon,)(dt) = by 9.13(a).
|
_ Note. The equality in 10.3(c) prevails only when f € Py, . It may happen that
[ €Pry, & [ & Pry,. Take p=2and f(t) = t; —t; on R%. Then f = 0 and trivially
f € Pi,. But f & Ly(R?) and hence, cf. 10.5(a) below, f & Py ..

We now turn to the demarcation of the class Py, . The next crucial lemma is
obtained by careful analysis of the quasi- and semi-variations of the indefinite integral
Uy, defined in (A.36). It is not, however, the best possible, and is superseded by
corollary 11.4(a) below. Taking D = D, & p = 5, in (A.12), we have DY° = B,.
Hence the inequalities in (A.4) read

VAEB,  a,,(A)<sy, (A) <2, (A)

10.4. Main lemma.
(a) Let f € M(By,By). Then |f|1,, < 2y/p!|fl2, < o0.
(b) Let f € P1y,. Then (1/v/PY)|fl2,e, < |fl1m, < 2vPYfl2e, < 00

Proof. (a) Taking p = 1, in the inequalities in corollary A.39, we get
sup |, (fxc)| < |flin, <2 sup )|Enp(fXC)|'

€Dy, (f CeD,,

Since for C' € D, (f), fxc is in Py, , therefore by 10.3(b),
By, (fxe)l = vPH(fxe) |20, -
Thus

(1) Vol sup |(fxe) e, < Iflig, <200 sup [(Fxe) o, -
CeDy, (f) CeDy, (f)

But since, cf. (6.20), symmetrization is | - |2,¢,-norm contracting,

(2) [fl1n, <RHS(1) <2vp! sup )|(f><c)|2,ep < 2vp!H S 2,

cep
Thus (a).
(b) Since f € Py, , therefore cf. (A.37), Dy, (f) = D¢ = B,. Hence

p

N 1
LHS(1) = v/p! sup |(fxc) |2, 2 —5 ]2,
ceB, \/p~

the last very crucial step coming from the symmetrization inequality 6.22. Thus from
(1) we get

|fl2.6, STHS(1) < |fl1n,-

\/ |
Combining this with (a), we have (b). [ |
10.5. Main theorem. Let p € N,. Then
(a) P1,y, = L2(RP), and the norms |- |1, | - |2,¢, are equivalent.

(b) (1/y/P)E,, is a partial isometry on Ly(RP) into Ly, &
Null space (E, ) = {f : f € Ly(R?) & f =0}
(c) (1/y/PYE,, is an isometry on Ly"™(RP) into Ls.
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Proof. (a) Let f € Lo(IRP). Then by the main lemma 10.4(a), | f]1,,, < 2v/P!|fl2,e, <
0o, whence by (A.10) and (A.17), f € P1,,. Next, let f € Py, . Then, |f|1,, < oo,
whence by the main lemma (b), |f|2,,, < 00, i.e. f € Ly(R?). Thus (a).

(b) follows immediately from (a) by virtue of the equalities in theorem 10.3(a), (b).

(¢) For f,g € LY™(RP), theorem 10.3(a) reduces to

(En, (), En, (9)) = P!(f, )220,
and yields (c). [ |

From theorem 10.5(b) and rudimentary Hilbert space theory, we see that Range E,,
is a closed subspace of Ly. Since, cf. (A.29), clsRangeE, = S, , it follows that
RangelE, =S, . Next in exact analogy with (8.4), we have

VD € D,, 3 asequence (P,)° in P, 3 n,(D) = lim n,(F,),

whence exactly as in 8.5, S, = &{n,(P) : P € P,}. Thus
(10.6) Vp e Ny, RangeE, =S, = &{n,(P): P e P,}.
Combining (10.6) and main theorem 10.5, we see that:

(10.7) (1/4/p")E,, is a partial isometry on Ly(R?) onto S, ,
' (1/4/pHE, is an isometry on L3 (R?) onto S,

A considerable improvement of the inequalities in 10.4(b) results when f > 0. The
absolute value |E, (f)| comes into the picture, as the next result shows:

10.8. Theorem. Let f € Py, and f(-) > 0. Then |f|2,, < |[Ey (f)] <|flin,-

Proof. The second equality is covered by (A.27). The proof of the first hinges on
the result 9.13(b), to wit,

(1) VD € Dy, (D) < |77p<D)|2'
Case 1. Let f =", _, axXp, € S(DP,R(H). Then

Z ak’r/p Dk

(2) —Zak|77p (Dy)? +Z Z aitp (D), a;mp(D;)).

1=1 j=i+1

By, (£)I”

Now, by 9.13(a),
(ainp(Dsi), ajn,(D;)) = aia;(ny(Di), np(Dy))

= a,a; Z 4,(D; N Df) >0, since a;, a; > 0.
pePerm(p)

Hence by (2) and (1),

By, (I = Zak\np D)l +0> ) aply(Di) = |fl54,-

k=1 k=1
Thus the result holds in Case 1.
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Case 2. Let f € P1,, and f > 0. Then a straightforward simple function approx-
imation based on theorem A.24(b) yields

2.6, < Eo, (N,
i.e. we again get the first equality. ]

11. The projection theorem and the formula for the orthogonal

decomposition of Eég)

From the orthogonal decomposition (9.20) we see that
Vo € Lo, proj(x|£é£)) = Zproj(:dSnp).
p=0
But, cf. (10.6), proj(z|S,,) € RangelE, . Thus proj(z|S, ) = E, (ff), where, cf.
10.5(a), f? € Ly(RP). In the next theorem we exhibit the function f? explicitly in
terms of « and 7,. As with CAOS measures, cf. Masani (1968, 5.10), this theorem is
best stated as a projection theorem involving Radon-Nikodym derivatives:

11.1. Projection theorem. Letx € Ly, p € Ny & VA € Dy, v,(A) := (z,1,(4)).
Then

(a) vy € CA(Dy,R) & vy, < £;

(b) dv,/d¢, € L3™(RP);

(0
. 1 dv, )
proj(aiS,,) = [ S0, (a0
(@
. s 1 dv, . |?
proi(els, ) = 1 [ 50| £ (@),

Proof. (a) Since n, € CA(D,, L>) and 1, << ¢,, therefore (a) is obvious.
(b) Let & := proj(x|S,,). Then by (10.6), Z € Rangel, . Hence, cf. theorem
10.5(a),

(1) 3f € Piy, = L2(RP) > & =E, (f).
Now, by theorem 10.3(a) and 6.19, VA € D,
(@, 1p(A)) = (&,1,(A)) = (By, (f), Ep, (xa)) = P!(f, Xa)s, = P, x2)e,-
Thus
VACD,  na(d) = (en(a) = [ Fo @),
A

It follows from the Radon-Nikodym theorem that for £, almost all t € RP,

(3) ij—mﬂw

By (1) and (3), dv,/d¢, € L™ (RP). Thus (b).
(¢) Combining (1), theorem 10.3(c) and (3), we see that 3f € Ly(RP) such that

1 dv,
& =Ey, (f) =K, (f) = ﬁE"” <dZ>
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This gives (c¢). (d) follows from (c¢) and theorem 10.3(b) for symmetric f. [

Since from (9.20) we have

Vo€ Ly, proj{zlL} = proj(zlS,,),

k=0

we at once get as a corollary of the projection theorem the following explicit version
of the canonical resolution of Egg) in terms of homogeneous chaoses:

11.2. Corollary. (The orthogonal decomposition of £;) Let Vx € Ly & Vp €

N+7
dv?
vE() = (2mp(1) on Dy & fPi=-F ae l, onRP.
P
Then
(a) Vx € L,

. =1
mmmﬁzzﬁ%w»
p=0""

the decomposition being orthogonal;
(b) in case Ly = L), we have Va € L,

=1
z=) —E,(f?).
szp'

11.3. Remarks. (On Wiener’s 1958 approach) A comparison of the last expansion
with that of Wiener, namely,

(1) F(-):JergoiGp(Kp,-), (1958, (3.44) or (4.7)),

where F' in £, is arbitrary, and the K, are functions in L5 (R?), uniquely determined
by F', shows that

@%mzymmmu

Indeed, to get the kernels K, corresponding to a given F' in Lo, Wiener takes the RN
derivatives with respect to £, of the scalar measures obtained taking the inner product
of F' with the Lo-valued measures p,(P)(:) := G,(xp,-), where P € P,, in accord
with our corollary 11.2 (cf. Wiener 1958, pp. 41, 42, eqs (4.9)—(4.13)). However, to
get his G,’s, i.e. our E, ’s, Wiener adopted the most natural approach of starting
from the ‘multiple Wiener integrals’, cf. §1 (which we are able to introduce only
in §14 below)), and ‘ortho-normalizing’ them by taking their linear combinations
in the spirit of the Gram—Schmidt process (cf. Wiener 1958, pp. 28-36). But these
combinations get very unwieldy as p increases, and Wiener after getting G, G2, G3,
had to assume without proof that the G, exists for p > 3 (cf. Wiener 1958, p. 36,
last para), as we noted in § 1. We will show their existence in § 16.

The projection theorem also allows us to dispense with the restriction of ‘f € Py, °

and with the spurious factor 2, which marred the inequalities between |f|;, and
|fl2,¢, given in lemma 10.4(b). We have
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11.4. Corollary. Let f € M(Dy°, B{(R)). Then

(@) (L/VPOIfl20, < |fl1m, < VP20, < 00

(b) when f is symmetric, |f|1y, = v/p'|fl2.0, < 00;

(c) in general, | f[1,y, = VP! [l2,,-

Proof. (a) Let 2’ € (L2)". Then there exists x € Lo such that 2/(-) = (-, z)z, =
(z,)z,- It follows that

VD € D,, ' ony(D) = (ny(D),z) =: v(D),
and hence by [MN, I, 2.32 & 2.34],

dv,

(1) /Rp |f(#)] - |2 ompl (dt) = /RP 1£(1)] - ’cwp(t) dv,

de,

0, (dt) < |fla, - \

2,6,
But by theorem 11.1(d),

dv,
de,

(2) = VP! proj(z|Sy, )| < vpt|xl.

2,6p

From (1) and (2) we see that
Sl i= sup [ IFO]- 12" 0y (1)
lz'|<1 JRe
dv,
dz,

(3) < |f|2,z,, © sup

lo’|<1

< fl2e, - v/pP!- 1L
2,6,

Now if f € Py, , then combining (3) with the first inequality in 10.4(b), we get
the desired inequalities. But if f & P, , then these inequalities hold trivially since
by theorem 10.4, f & Ly(RP), and |f|z,, = 00 = | f|1,y,. Thus (a).

(b) When f € Py, is symmetric we have from 10.3(b) and part (a),

VP 2, = VP! ’f|2,ép = [E,, (H) <|flim, < VP fl2e,,

i.e. (b) holds. But it also holds trivially for f ¢ P, . Thus (b). The result (c) of
course follows. |

11.5. Remarks. That there can be no obvious equality connecting |f|1,, and |fl|2.,
is evident from the fact that whereas for symmetric f € Py, , we have by 11.4(b),

|f|1,np = \/p! |f|2,ep;

we can have |f|i, = |flz,, for suitable non-symmetric f. To see this, take p = 2,
and f = xp, where D € Dy and D|D?, where Perm(2) = {I,¢}. Then it readily
follows from (A.9), (A.3), 9.13(b) and 9.13(a), that

X1y = $p, (D) = [m2(D)| = Vl2(D) = [XDl2,0,-
The projection theorem has other important consequences, to explore which we
need the following useful result:
11.6. Lemma. Let p,q € Ny be such that ¢ < p and p — q is even. Then
VD € Dy, 'yf’p_q)ﬂ(D, ) € Piy,
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VAED,  (GDhmA) = X [ Ay u(Dmxa?)e, @h).

$€Perm(q)

Proof. Let D € D,,. Then by 4.16(b) and 10.5(a), 7,y /2(D, ") € L2(R?) = P1y,.
Next write « := £,(D). Then, cf. (9.11),

(1) VAeD,  v(4):=(2,14(4)) = (&(D),ne(4)) = (§(D), &(A\L)).

Fix A € D,. Then by (1) and the covariance equality, cf. 5.3 and 5.7,

la/2)
(2) ve(4) =Y I{"(D, A\LY).

k=0

Now by 5.1,

oMy = Y /RWfp_q)/g(D,h)XA\zg(hd’)fq(dh)
) q

¢EPerm(q
3) = >y / Vo 2(Ds D) xa(h?)eg (dh),
Ra
¢pEPerm(q)

by the ¢,-negligibility of I{. Now let k € [1,[q/2]]. Since by lemma 5.2(b), I'}4(D,-)
has I} as a carrier and I}! C I{, it follows that I'}?(D, A\I{) = 0. Thus the summation
in (2) contains only the zeroth term, which is given in (3). Hence the result. [ ]

This lemma in conjunction with the projection theorem 11.1 gives us the following
theorem:

11.7. Theorem. Letp e N, & k € [1,[p/2]]. Then, cf. (9.15),

VD € Dy, gp,k(D) = proj(ﬁp(D)‘Snpfzk) = /]R e 7£(Da h)np—% (dh)-

Proof. Let D € D, and write x := {,(D) and Z := proj(z|S,,_,, ). Then, taking
q = p— 2k, we change variables in the integral in 11.6, by letting ¢t = h® and h = t* .
Thus YA € D,_oy,

/R% W (D; h)xa(h? )yt (dh)=/R%’yi(D,t¢_l)xA(t)€p_2k (dt),

since £,_g), is a permutation invariant. It follows from the last lemma that VA €
Dp—2k’

w8 = @A) = 3 [ A0 @)
¢pePerm(p—2k) A
Hence by the Radon—Nikodym theorem,

dl/z —1 -
1) )= S D)= (p—-2k)F0(D,t), ae (L),
p=2k ¢pEPerm(p—2k)

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

L |
A

o
L

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

2 ¥

A Y
Iam \
P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1176 P. R. Masani

where A7 (D, -) is the symmetrization of 74 (D, -). Applying successively the projection
theorem 11.1(c) and (1), and 10.3(c), we get

1 dv,
= —— () 2k (dt) = Vi (D, t)1p—ok (dt
b= =gt Lo G O @) = [ D a1)

- / 22D, )y ().
Rpr—2k

11.8. Remarks. The equation (1) in the last proof shows that the symmetrization of
the canonical coefficient 77 (D, -), introduced in (4.17), is equal to 1/(p — 2k)! times
the RN derivative of the measure v(-) := (§,(D),n,—2x(+)) with respect to £,_o.

From theorem 11.7 and the orthogonal decomposition of S, given in (9.9), we
readily infer the following formulae for the projection of £,(D) on S, :

11.9. Corollary. Let p,q € N, be such that ¢ < p and p — q is even. Then, cf. 9.1,

la/2]

VD €Dy GulD) = proi&(D)ISe) = 0 [ (e B
oo JRa~2k 2

Proof. From (9.9) it follows, with an obvious notation, that

(1) Psgq :Pan +Pan72 +7
the final term being Ps, or Ps,, according as ¢ is odd or even. Hence,
[a/2]
proj(&p(D)[Se,) = Z proj(&p(D)[Sy, 2.)
k=0

la/2]
- Z ‘/qu,e 7€p—(q—2k))/2(Dy h)ng—ak (dh) by 11.7
k=0

la/2]
B Z /IR " vzl)(pfq)Jrk(Da h)ng—ak (dh).
k=0 q—2k 2

|
11.10. Corollary. Letp € N;. Then VD € D,,
(a)
[p/2]
D)= [ ADyny-a (ah;
k=0 Y RP72F
(0)

[p/2]
G (D) == proj(&,(D)|Se, ) = > / A2(D, By (dR).
k:l Rp72k

Proof. (a) Put ¢ = p in 11.9 and note that (,,(D) = &,(D). (b) follows from (a)
on noting that the k& = 0 term on the RHS is just 7, since A\j(D, h) = xp(h). [
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Homogeneous chaos 1177

The projection equalities enable us to answer the question raised at the tail end
of §5, as to the exact relationship between 7,4, and the product measure n, x n,. In
this problem a significant part is played by the fragment:

(11.11) JPF = (IP x RY) U (RP x I}),

of the diagonal skeleton I"*%, cf. (4.2), and by the obvious set-theoretical triviality
concerning it, to wit:

(11.12)  Vp,qe N, VECRP & VF CRY, (E x F)\J'? = (E\I?) x (F\I?).
11.13. Proposition. Let p,q € Ny, D € D,,, and J'"? be as in (11.11). Then
(1p X 1) (D) — Mp14(D) = Cp+q(D\Jf+q)~
Proof. First, let D := E x F' € D,, x D,. Then using the results (9.11) and writing
J = JpHe
(1p X 1g) (D) := np(E)ng(F) = §(E\IT) - §(F\I]) = §pig ((ENIT) x (F\I])}
(1) = Epral (B X F)\T} = 0y g(D\J) + Cpig(D\J), by (11.12).

Now since J C IY™ € Ny, and Npq << Lpiq, therefore n,.4(D NJ) = 0. Hence
(1) reduces to the desired equality:

(2) (Mp X 1g)(D) = 1p+4(D) + Cpg(D\J).
Next let VD € D,yy, p(D) := (piq(D\J). Then the result (2) can be restated as
(3) Np X Ng — Nptg =p on D, xD,.
Since n, = &) and ¢, = 27 it follows readily from 5.26 that
(4) My X Mg —Tptq & pare in CA(Dpiq, Lo).

By (3), (4) and the identity principle A.8, the equality (3) holds on é-ring(D, x D,),
i.e. on Dy ]

The decomposition of 7, x n, yielded by the last proposition is its Lebesgue de-
composition with respect to £,,. More precisely,

11.14. Corollary. (Lebesgue decomposition of 7, x n,) Let p,q € Ny & (1, x
nq)® and (n, x n,)° be the absolutely continuous and singular parts of n, x 1, with
respect to {,,, respectively. Then

(7p X 0g)*(+) = Tp+4(-), (mp % nq)b(') = Cp-&-q('\‘]{ﬂ_q)-
Proof. Let p(-) := Cpyq(-\J'™9) on D,,. Then by 11.13,

(1) Mp X Mg = Tpt+q T P-
Grant momentarily that
(I) IP*9 is a carrier of p.

Then since by 7.1(d), I € Ny, ., it follows that p(-) is singular respect to £, 4. Also
by 9.12, 7,14 =< {p4e. Hence from the uniqueness of the Lebesgue decomposition,
we infer that (1, X 1,)® = np+q and (1, x 7,)® = p. It remains to prove (I).
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1178 P. R. Masant
Proof of (I). Let D € Dp,. Then
p(D NPT = Goug[(D OVITTONITT] = G [D 0 (ITTNIPT)]
= &g DN I\ NI by (9.11)
= Eprg[D NI\ = g [(D\JTT) N 17T
g D\ =5 p(D) by (9.11),
Thus by the definition A.2 of carrier, we have (I). [ |

We can of course expand (,.,(D\JP*?), the RHS in 11.13, by the projection
theorem 11.10(b); thus writing J = JP9, we get

[(p+q)/2]

(¥ GraP= 3 [ AL DV @),

But the exclusion of J on the RHS results in considerable simplification. Because
of vanishing, the upper terminus of the >  drops to min{p,q}, and the J can be
deleted from the integrand on the RHS. Moreover, in the evaluation of the canonical
coefficients v "9 (D\ J, h), we can ignore all partitions having a cell in either [1, pVq] or
in [(pVq)+1, p+q|. To show all this conveniently, we introduce the following notation
for the subclass of partitions in I7P*¢, for which all cells {7, ;} satisfy i < pV ¢ < j:

11.15. Notation. Let p,q € Ny & r € [1,[(p + ¢q)/2]]- Then

Hpﬂ’ ={r:mr eI’ & VYA ecm,mnA<pVqg<maxA};

Crucial to the simplification of () are the following properties of ﬁ P4 the proofs
of which are straightforward, and left to the reader.

11.16. Triviality. Let p, q, r be as in 11.15. Then
(a) 770 # 0 iff v € [Lp A g
(b) vr € TP\, I(m,p+q) € 7.
We now assert the following lemma:

11.17. Main lemma. Letp,q € Ry & ¢ <p. Then VD € Dy,

Gral DVIE) = Z S [ D Ry (D)
WEHIJ‘HZ

Proof. Let D € D,,. Then by 11.10(b), writing J = J'*?, we have

[(p+4q)/2]

(1) Cpta(D\J) = Z /qu 2T WD\ J, P)Np+q—2r (dR).

Now grant momentarily that
M vrelp+a/2 & vre It
MNFI(D\J,-) =0 on RPTIZ
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Homogeneous chaos 1179
(1I) Vrell,q & Vme ]oYerq,
NFU(DNJ,-)=0 on RETI2 .= RpHa=2r\[Pra=2r  of (471).
Then Vr € [1,[(p + q)/2]] & Vh € RPTI=2",
(2)  APYUD\Jh) == > MNFU(D\Jh)= > MNFID\Jh), by (D)

p+q
mwellf ﬂ_eHITH—q

But, cf. 11.16(a), ]OY£+‘I # (), only for r < p A ¢ = q. Hence by (2),

((p+9)/2] [(p+9)/2]
S OEUD\LA) = > > AETD\J,R) Z > AF(D\J,h)
r=1 r=1 eﬁp+q r=1 WEHﬁ+q

— Z > XD R), b I, by (10).

ﬂ.eanrq

Since IPT172" ¢ N
Integrating, we get

=N,

Np+q—2r"7

the last equality holds for 7,442, almost all h.

p+q—2r

[(p+q)/2]
Z /R+ By AP D\T, h)nps g—2r (dR) Z Z /R NAYD, h)nps g—ar (dR).

=1 p+g—2r
= 7FEHP+q

Substituting in (1) we get the desired expression for (,44(D\J).
It only remains to justify (I) and (II).

Proof of (I). Let r € [1,[(p+ q)/2]], ™ € Hf*q\]oﬁ*q and h € RPT472" Then by
(4.7) and 11.16(b),

Ix(h) € I(m,p+q) C J.
Thus (D\J) N I;(h) = 0, and therefore certainly
)\fr+q(D\J, h) = Kk[pﬂ* (@)] = 0
Thus (I).

Proof of (II). Let r € | l& T € ﬁfif‘?. Then *m C [1,p] & 7* C [p+ 1,p+q].
But J is the union of all Ip , where A C [1,p] or A C [p+ 1,p+ q], and where
consequently A ¢ 7. Hence by lemma 7.3(b),

Vh € RPFTa=2r, AH(DN IR h) =0
Since J is a finite union of such %79, and A(-, h) is FA, it follows readily that
NHU(DAJR) =0,  VheRPH
Thus (II). |

Combining lemmas 11.13 and 11.17, we get the following theorem, which gives the
exact nexus between n, x 7, and 7,14, and which will play an important role in §§14
and 17.
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1180 P. R. Masan:
11.18. Theorem. Letp,q &€ Ny & ¢ <p. Then VD € D,

q

(p % 1)(D) = pg(D) =50 3 /R NH(D, )iy gay (dR).

p+q—2r
r=1 o
WEHf_M

12. The 7, h sectioning of functions

Before we can turn to integration with respect to the Wiener vector measure ,, it
is necessary to consider the sectioning of functions on R” analogous to the sectioning
of sets A C RP accomplished in 4.10. Thus this section complements the §4 at the
functional level. It belongs to the purely scalar part of the paper, and no vector
measures appear in it. We shall adhere to the following notation:

pEN+7 ke[ov []9/2]]7 ﬂ-:{{ilvjl}v"';{ikvjk}}61]]57
(12.1) M. =1L, p\M; ={mq,....mp_or}, mqy <--- < my_o,
h = (hi,ha,... hy o) € RP2K,

We wish to get from the function f on RP to the function fP(-,h) on R* by
imitating the operations in §4 which took us from the set D C RP to the set
Dr(h) C RF. That is, we hold the my,mao,... ,my_oxth variables fixed and equal
to hi,ha, ..., hy_ok, respectively, and in the remaining 2k variables we identify the

i1th and j;th, the isth and joth and so on, ¢ la Wiener. We can formally define the
function f?(-, h) as follows:

12.2. Definition. Let p, k, 7, h be as in (12.1). Then
(a) V7 € R¥, 07 (1) := t, where t = (t1,...,t,) € R? is given by

Vo€ [Lk], t,=1a=t;, & VB€[l,p—2k], tn,=hs.

e

(b) For all functions f on RP, the 7, h section of f is the function f2(-,h) on R*
defined by

vr e R”, fE(1,h) = f{Hi,h(T)}.
(c) We define the operator J7 ; by

Vi oon R?, o (JR)(f) = fobn, = fR(R).
Note. 07 (1) is the sole member of ©-+(7) N I2(h), which is a singleton, as the
reader can check.

In f2(1,h) the components of 7 and h can get thoroughly mixed as the following
examples illustrate:

Ezample 1. Let p=11, k=3, 7R3 h e R>, &
7 ={{3,4},{5,8},{6,10}} € IIJ*.

Then 7* = {4,8,10} & M, = {1,2,7,9,11}. Hence t := %, (7) the sole member of
p+ (1) N I (h) has the components

t3:t4:7'1, t5:t8:7'2, t6:t10:7'3,
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Homogeneous chaos 1181

t1 = hy, ta = ha, t7 = ha, o = hy, t11 = hs.
Hence
t:= 9,15,1(7') = (hl, h277—17 T1,7T2,T3, h37 T2, h47 T3, h’5) € Rll'
For a function f on RY, fl1(r k) is the value of f at this .
Ezxample 2. Let p =16, k = 6,
7 ={{3,4},{5,8},{6,15},{7,9}, {11,12}, {13, 14} } € II{°,

and so M, = [3,9] U [11,15] C [1,16] & M’ = {1,2,10,16}.
Then, as can be checked, V7 € R® & Vh € R, o' (1) N I15(h) = {t}, where

t:= 971‘—?h(7—) = (h17 h277_177_177_277_377_477—277—47 h377—577—5’7—677—677—37 h4>
Thus, f%(r, h), or more fully, f16(; - 76;hy - - - hy), is the value of f at this point .

However, a neat separation of the components of 7 and h in fP(7, h) results when
m = 7, the k standard partition defined in (6.11), namely,

e o= {{1,2},{3,4} - - - {2k — 1,2k}} € [T}y op),
for which M, = [1,2k] & M. = [2k + 1, p]. We obviously have
(123)  VreR* & VheRP™*  f2(r,h)=f(r,71, - Tk, Ti; h).

Further inquiry into the nature of such functional sectioning, requires a more
detailed statement of the mapping 67, ,:

12.4. Triviality. Let p, k, m, h be as in (2.1). Then

(a) 67 ,(-) is a (single-valued) continuous function on R* to R?;

(b) ¥p'> 2 & W € [L.[p/2]], Rangef?, () C IY C RY;

(c)Vp e Ny &k =0,RF = {0}, 7 =0 &R =RP, 0,(0) = h € RP, ie.
Range 0 , = the singleton {h};

(d) for even p, & k = p/2, and RP=* = R" = {0}, and VT € RP/2, 6% | (1) =t € R?,
where t;, =71, =t;,, o € [1,p/2];

(e) Vp e Ny & k=0, fR(7,h) = f(0,h) = f(h);

(f) for even p, & k = p/2, fP(r,0) = f(t), where t is as in (d).

Proof. (a) is obvious from definition 12.2(a).

(b) Let p > 2, k € [1,[p/2]] & m = {{i1,j1},--,{ik,Jx}} € . Then by 12.2(a),
Vh € RP~2¢ & V1 € R*, the i,th and j,th components of ¢ := 0 ,(7) are equal for
all a € [1, k]. Therefore 07 , () € I7. Thus (b).

(c) Let p € Ny & k = 0. Then by (1.17), # = ). Also, R = R® = {0} &
RP~2F = RP. Hence h € R?"?* = R?, and by definition 12.2(a), 6§ ,(0) = t, where
VB € [1,p], tg = hg, i.e. t = h. Thus (c¢).

(d) For even p and k = p/2, M. = [1,p]\M, = 0, and the condition in 12.2(a) on
t:= 07, () reduces to Vo € [1,p/2], t;, = 7o = t;,. Thus (d).

(e), (f) These follow at once from (¢) and (d) respectively, by virtue of the defini-
tion f2(r,h) = f{0} ,(7)} in 12.2(b). [ ]

Tkhe rudimentary properties of the operator Jf:’h on the function-space R®") into
R®") are stated in the next result, which is a functional analogue of the homomor-
phism proposition 4.11, and its corollary 4.12:
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1182 P. R. Masani

12.5. Proposition. Let p, k, m, h be as in %2.1). Then .
(a) Jﬁ’h is a linear and multiplicative on R®") onto R®") | and preserves absolute

value; more fully, we have Vf, g on R?, Va,b € R & Vh € RP—2F,
(af +bg)2 (- h) = afb(- h) +bgh(-h) on R,
(f-9)%(h) = f2(h) - g2 (-,h) on RF,
[f2C ) =1fE(h) on R,
Vg onR¥, go g is on R? & J7 (g0 o) = g on R¥;

(b) Jﬁ, ,, Is monotone, and continuous in the pointwise convergence topology, i.e.

f()<g() on R” = f2(,h)<gi(,h) on R,
fa) = () on RP = (fu)o(~h) — f2(,h) on RY
(c) Jy, carries M(B,,B1) onto M(By, B1);
(d) YA C R?, [J7,(xa)]() = Xazam () = (xa)h(-,h) on R*, and J7, carries
S(B,,R) onto S (B, R);
(e) Vf on RP and V¢ € Perm(p),
(F*)%(.h) = fE(.h?) on R,

where 7 is the ¢ distortion of , and ¢ € Perm(p — 2k), is the (¢, 7)-permutation of
[1,p — 2k], cf. definition 6.4;
(f) f € R®") and supp f € R? := RP\I? = f € Null space of 2

Proof. (a), (b) From the fact that 67 , is a function on R* to R?, and
(1) Vf e R®), Jﬁ,h(f) =fo eﬁ,hu

all but one of the results in (a), (b) follow at once. Only the assertion in (a) that
Range J? , = R®") needs comment. Given g on R* and 7 as in 12.1, we define f on

RP by f=go O, 1€
f(t) = f(t17t27 s 7tp) = g{pﬂ'*(t)} = g(tjutjz? " '7tjk)7

where, cf. 12.1, {j1, j2, ..., jr} = 7. Then it is easily seen that Yh € RP~2* fP(. h) =
g(-) on R*. Thus, J7 ,(f) = g.

(c) Since 67, is continuous on R* to R”, therefore 67 , € M(By,B,). Hence if
f € M(Bp, By), then from (1), J7 , (f) € M(By, B1). Thus (c).

(d) As the reader can easily check,
2) t=07,(r) it {7} = pn [{t} N IT(R)].

It follows from this that for any A C RP, (xa)2(7,h) = 1 iff xarp(7) = 1, and
therefore that (xa)%(-,h) = xar(-) on R*. It so follows from the linearity of J ,
that it carries S(B,,R) into S(By,R). Thus (d).

(e) Let 7 € R¥ and s := 0, ,(7), so that

(3) Sip =Ta =5, & Sm,=hg, acl[lk], [B=I[1,p—2k.
Then letting Vn € [1,p], t, := 54-1(»), We have

(4) (FO )20 k) = £0(5) i= [(So-1(1)- > S6-1(p) = Lty -5 Ep)-
Phil. Trans. R. Soc. Lond. A (1997)
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Homogeneous chaos 1183

The arguments on the RHS form a mixture of 7,’s and hg’s. However, for a € [1, k]
and § € [1,p — 2k|, we see from (3) that

(5) { to(ia) = S¢-1{d(ia)} = Sia = Ta = Sjo = 56-1{¢(ja)} = H{o(ja)}s
tp(ms) = S¢=1{p(ms)} = Smy = hg.

Since the cells {74, 7o} of T are defined by

g = d)(ia) N ¢(ja)7 Ja = Qs(ia) \% ¢(ja>>
therefore {i4,7.} = {#(ia),?(ja)}, and it follows that t;, and t; are equal to
ty(in) = Ta, Dy (5). Also from the definition of ¢, mg := ¢{mgys}, and hence
tmg = totma ) = o) = (h?) s, by (5). Thus we have
tia = Ta :tja & tﬁlﬁ :<h$)ﬁ7 € [17k]a ﬁe [1ap_2k]a
Le. by 12.2, (t1,...,ty) = 0" (7). Thus (4) reduces to

7,h?®
(fR(r h) = {82 5(7)} =: f2(7, 7).

Thus (e).

(f) Let p > 2 and k € [1,[p/2]]. Then by 12.4(b), Range®? ,(-) C I7. Now let
supp f € R? := RP\I}. Then I C Null space f. Thus Range?? ,(-) C Null space f.
Hence J7 ,(f) = f 007, = 0. Thus (f). [ |

Note. We can see from 12.5(f) that the operator J_ , is not one-one. The easiest
example, for p = 2, is offered by f := xge\; on R2, where I is the diagonal of R2.

The equality in 12.5(d) establishes the nexus between functional and set-theoretical
sectioning. It reduces when A is an interval to:

VPeP, VreR' & VheR'™*  (xp)i(r.h) = xp@(T) Xxp,, (h),

by 4.10 and 4.9(b). The equality 12.5(d) immediately yields an expression for the
canonical coefficients, cf. 4.13 and 4.18, in terms of the sectioning of indicator func-
tions:

With the notation 12.1, D € D,, B € B, & h € RP~?* we have
(a) Ne(D.h) = 6,{D2(R)} = /R (xo)2 (7, Bty (d7),

© A0 = [ [ E ot an)

(€)  [AZI(B,h) := |6 [{BR(h)} = /Rk(xB)i’r(Ta h)tx (dr).

The equality in (12.6)(a) can of course be written:

(12.7) (xp)(HNL (dt, h) = / (xp)2 (7, ), (dr).
Rp RE

12.8. Heuristics. The ground to be covered in the rest of this section is determined
largely by the following heuristic rule:

(12.6)

Rule. Results for E¢, (f), where f is on RP, can be conjectured from those for
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1184 P. R. Masani
& (D), for D € D, given in §§3-11, by replacing all p(C), where p is a measure, by
E,(xc), then replacing xp by f, and xc by an appropriate transform of f.

For instance, the result in 11.10(a):

[p/2]
&)= [ A DB (@)

k=0
can by virtue of (12.6)(b) be transcribed as
[p/2]

Ee, (xp) = ]; /Rp%{/w [ 2

welll

()27 )] 6 () b 1),

and this suggests the general formula for f (in place of xp):

M E()= [Z” LALIE szem]ean b @,

nelll

This formula is valid, cf. 13.12 and 13.11(b), below. However, to demonstrate it,
we will have to appeal to a Fubini-type theorem for Markovian kernels K(D,h)
resembling 7 (D, h), which is established in Appendix B.

As far as this section is concerned, the Rule suggests a study of the {i-integrability

of

nell?

on R¥. This is carried out in corollary 12.10, after the preliminary proposition devoted
to individual f2(-, h).

12.9. Proposition. Let (i) p, k, w, h be as in (12.1), (ii) f € M(B,,B1). Then
(a)
Lt peen = [ 1zl -16 @

(b) the restriction of J7 ;, to Ly xe(. ) Is a linear isometry on Ly e (. ) onto Ly (R*);
(c) Vf € Lijeny,

(N2 (dt, h) = / £2(r, B (d0);
Rr Rk

(d) HE(f) o= {h: h € RP= & f2( ) € Ly(RM)} € By o

(e) V¢ € Perm(p), H2(f¢) = {HE(f)}*" ', where & € II is the ¢~ distortion of
7, and 9 is the (¢~', 7) permutation of [1,p — 2k], cf. definition 6.4.

Proof. (a) Write for brevity, A(-) = AL(-,h) and J = J7 . Then since by 12.5(a),
|J(f)| = J(|f]), to prove (a) we have only to show that
@ Epx(FD) =B {J(1fD) € [0, 00].

Proof of (I). For f = xa, A € By, J(|f]) = xarm) by 12.5(d), and (I) reduces
to the first equality in (12.6)(c). It follows in turn from the linearity of | and of
K¢ o J, and 12.5(d) that

(1) Vf e S(B,,R), (T) holds.
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Homogeneous chaos 1185
Finally, let f € M(B,,B;) and let f,, € S(B,,R) be such that as n — oo,

(2) ()= fC) & 1HOITIFO] on R
Then by 12.5(b), J(|f.]) T J(|f]) on R*. Hence by (1) and two applications of the
monotone convergence theorem, we see that (I) holds for f. Thus (a).

(b) This is immediate from (a).

(¢) By (12.7), (¢) holds for f = xp, for D € D,,, and thence for f € S(D,,R). Now
let f € Ly x. Then by (b), J(f) € L1(R*). Letting f,(-) be as in (2), we readily infer
from Lebesgue’s dominated convergence theorem that (c) holds for f. Thus (c).

(d) V(1,h) € RF x RP=2F write (7, h) = 0, (7). Then from 12.3(a), we see that
6 is a continuous function on RP~* to RP. Since f € M(B,,By), it follows that
(3) fRC) =(Fo0)(0) € M(BYF, By).

Hence by Tonelli’s theorem, the partial integral
F) = [ 12 l10] (0r) € M5, B,
where Bjg o is the Borel o-algebra over R U {oo}. Hence

HP(f) ={h:h e RP"? & F(h) < 0o} € By_o.

Thus (d).
(e) Let ¢ € Perm(p) and let 7 and 9 be as indicated. Then taking ¢! instead of
¢ in 12.5(e), we see that Vh € RP=2F

he HY(f%) < (fO)2(.h) € Li(RY) <= fL(,h%) e Li(R")
= h'eHIf) <= he{HYf)}
Thus (e). [

The analogue of 12.9, in which the kernels A2(-,-) are replaced by the kernels
Y2(+,-) reads as follows:

12.10. Corollary. Let (i) p, k, h be as in (12.1), (ii) f € M(B,,B1). Then

(@
Lison-nptann = [ 15 gzl fad ) € 0.0}

rell?
(b)
fe€Liyenm < > If2( R € Li(RY);

nelll

(C) Vf S Ll,’yi(-,h);

s F(E)AP (dt, h) /R { > f2(rh) }zk (dr).

renp
Proof. (a) Recalling that by 4.18(c),
(1) EICoh) = ) IAZI(,h) on By,

mellf
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1186 P. R. Masani
we see from (1) and 12.9(a) that

/ F@1- 2] (e )
Rp

Z/ F®)]- X2 (dt, b)

:Zp JRECRIACS
-/ {prfh JIce:

Thus (a).

(b) follows once more from (a).

(c) Let f € Ly (). Then by (b), > ;v fE(-, k) € L1 (R"). Hence by the defini-
tion 4.13 of 7 (-, -),

F(O)AP (dt,h) = (1) Y Az (dt,h) Z P (dt,h)

Rp

EHP WEHp
-3 [P (an), by 12900
Treﬂp
:/ Z TE(1, h)Ly (dT).
pTrEHp
Thus (c). [ |

The heuristically obtained equation 12.8(1) indicates that not only do we want the
sum 3 e f7 (- 1) to be in L;(R*), but want the h for which this holds to form a
carrier of £, s, so that we can subject E[k{zﬂ_enp f2(-,h)} to a further integration
with respect to £,_s;. These requirements can be conceptualized as follows:

12.11. Definition. (p — 2k marginalization) Let p € N; and k € [0, [p/2]]. Then
(a) Vf € M(B,,B1) & Vr € I,
HY(f):={h:h e RP"* & f € Ly \p(.m)}-

(b) MY :={f:feM(B,,B1) & H{(f) is a carrier of £, o }.
() Vf e ML,

MP(f) = fR() = XH,f(f)(') /Rp f()vr (dt,-) on RP—2k,

(d) The function f7(-) on RP=2* is called the p — 2k marginalization of f, and MF
is called the p — 2k marginalization operator.

Our immediate objective is to show that MY} is a vector space closed under per-
mutations, and then to investigate the linearity and range of the operator M} on
M2 These rest on the following simple properties of the sets HL(f), the proof of
which we leave to the reader.

12.12. Triviality. Let (i) p € Ny, k€ [0,[p/2]], (ii) f,g € M(Bp,Bl) Then
(a) HY(f) € Byak; for f = xp, D € Dy, Hy(xp) = RP~?

Phil. Trans. R. Soc. Lond. A (1997)
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Homogeneous chaos 1187

Y (f) = r]fwaﬂ——{h:heRﬁak& §jfﬁuh>eLxR%},

nelll wellf

(f);
(f), ¢ € R\{0}, H{(0-f) = RP—¥;
)N H(g) € H(f+9);

)| on RP = H}(g) € H}(f);

HY () = {0} iff Vrelll,, f2(-,0) € Ly(RP/?)
HP

Po(f)=0 iff 3relll, > f2(-,0) & Ly(RY?).

That the inclusion in (e) can be proper is seen on taking any f in (ii) and g = —f,
and noting that by (d), the RHS = RP~2k,

12.13. Theorem. (The properties of M?) Let p € N and k € [0, [p/2]]. Then
(a) MY is a linear submanifold of M(Bp,Bl) which is closed under absolute
valuation and under the permutation group Perm(p);
(b) f € M(Bp,B1) & [f()| < ¢() € My = [ € My;
() $(D, R) C ME;
(d)

M = {f : [ € M(By, By) & IN; € R? 5 Vh € RPP\Ny, Y f2(-,h) € Ll(Rk>}§

71'617:

(e) Mb = M(B,,B:), and for even p,

. {f feMByB) & Y f2(,0) € Ll(Rp/Q)}

776175/2

Proof. (a) From 12.12(b), (¢), (d), we see that if Hy(f), H}, (g) are carriers of £,_oy,

then so are Hy (| f|) and HY (af+bg), a,b € R. This shows the M? is linear and closed
under absolute valuation. It only remains to show that

(I) feMl & ¢€Perm(p) = f?ec M.

Proof of (I). Let f € MY, ¢ € Perm(p), m € II? and let 7 and ¢ be as in 12.9(e).
Then by 12.12(b),

HE(f) D HY(f) = a carrier of £,_o.

Thus HE(f) is a carrier of £,_oy, and by the ¢ invariance of £,_o, so is { HZ(f)}*" " =
HY(f?), by 12.9(e). This holds Vr € II}. Hence, HY (f¢) = en? HP(f?) is also a
carrier of £,_s. Thus f? € M} and (I) and (a) are proved.

(b) If ¢ € MY, then H}(¢) is a carrier. Hence, by 12.12(f), so is Hr(f), i.e.
f e M. Thus (b).

(¢) First, for D € D,, by 12.12(a), Hf (xp) = RP~?* and therefore xp € M}. By
the linearity of M%, we have (c).

Phil. Trans. R. Soc. Lond. A (1997)
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1188 P. R. Masani
(d) A function f € M(B,,B;) will be in the set on the RHS of (d) iff the set
{h cheRP2F & Z fE(-,h) € Ll(Rk)}
well?

is a carrier of £,_ox. But by 12.12(b), the last set is Hi (f). Thus (d) just restates the
definition 12.11(b) of M¥. Thus (d).

(e) Let f € M(B,,B1). For k =0, H;(f) = R? by 12.12(g), and hence f € M§.
Thus, M{ = M(B,,B;). Next, for p even and k = p/2, f will be in Mg/Q if and
only if H},(f) is a carrier of the measure £,_o, = {o over R? = {0}, i.e. if and
only if H},(f) = {0}. But by 12.12(h), this is the case if and only if vr € I},
f25(-,0) € L1 (RP/?). Thus, M} , is as stated. Thus (e). u

The corresponding proposition for the marginalization operator M, reads as fol-
lows:

12.14. Theorem. (The properties of M?) Let p € N and k € [0, [p/2]]. Then
(a) Vf € My,

72C) = DI = i) [ {prp }ek (@r) on B

(b) the operator My is on MY to M(B,_ok, B1), and M) is linear and monotone,
‘mod £,_o’, i.e. Vf,g € MY & Va,b e R,

MP(af 4+ bg) = aMP(f) +bMP(g), a.e. €, o, on RP2*
&
f<gonR= MI(f) < MI(g9), ae £, on on RP2
(¢) ifVn e Ny, fr, e M} & | ()| < F(-) € MY, and f,(-) — f(-) on RP, then
ME(f,) — MP(f) on HY(F), as n— oo;

(d) VD € Dy, [Mi(xp)I(-) = (xp)i(-) = (D, -) on R?;
(e) Vp =2, Vk € [1,[p/2]], & Vf € ML,

supp f C R? := RP\IY = f € Null space of M};
(f) for k = 0, we have Vf € M(B,,B1), M{(f) = f§ = f on RP; for even p,
VfeM,,
M (1)0) = £7,0) = [ (00 00.0).
Proof. (a) Let f € M¥. Then by definition 12.11(¢c) and corollary 12.10(c),
MEDC) =) [ SO =i () [ 3 @)
p GHP

Thus (a).
(b) Let f,g € M% & a,b € R. Then Vh € RP=2¥,

[My (af +bg)[(h) = Xur(afrbg) (R) - Eqre ny(af + bg)
(1) = Xa7(af+bg) (R)[aBrr . ny (f) + OE r( 1y (9)]-
Phil. Trans. R. Soc. Lond. A (1997)
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But since f, g, and by 12.13(a), f+ g are in M?%, the sets Hy(f), Hi(g) and Hg(af +
bg) are carriers of £,_s, and their indicator functions are equal, a.e. £, _oj. Thus for
Cp—op, almost all h € RP~2* the indicator on the RHS(1) is, cf. 12.12(d), replaceable
by the indicators of Hy(f), Hx(g), and so

RHS(1) = xgr(s)aByr . n (f) + X7 () PEr( 0y (9)
(2) = a[M(f)](h) + b[M ()] (h).
Likewise, if f < g on R?, then for all b € R?™**, Er( 1) (f) < Eyr(.n(9), and so for
l,_op, almost all h,
(3) xXar(p) (MEp ) (F) < Xarig) (R)Eypny(9)-

By (1), (2), (3) we have (b).

(¢) By 12.13(b), all f,, and f are in M¥. Now let h € Hi(F). Then |f,(-)] < F(:) €
Ly \#(.ny. From the datum f, — f on R” and Lebesgue’s dominated convergence
theorem, it thus follows that

(4) Eorny(fn) = Eyromy (f)-

Since h € HE(F), therefore by 12.12(f), h is in Hy(f,) and Hi(f), i.e. Xur(s,)(h) =
1= xgr(p- And from (4) we get My (f,) — M (f,) on Hy(F). Thus (c).

(d) Let D € D,. Then by 12.12(a), HY(xp) = RP~2*. Hence by 12.11(c), Vh €
Rp_2k,

M (xp)(R) == (xp)(h) == /R Xo(Ef (At ) = 2D ).

Thus (d).
(e) Let p > 2, k € [0,[p/2]] and f € M} & supp f C R?. Then by 12.5(f),
(5) Vre ! & YheRP2F J2L(f)=0.

But by (a) and the definition 12.2(c) of J7 ,, Vh € RP2F,

ME(DI(B) = xapen (1) E{ 3 m(f)} —0, by (5).

mellf

Thus M} (f) = 0. Thus (e).
(f) For k =0, we have M{ = M(B,,B1), by 12.13(e). And by 12.12(g), H{(f) =
RP. Hence by 12.11(c),

vh e R, [ME(NI(R) = fo(h) = f() o (dt,h) = f(h),

since 4 (-, h) is the unit mass carried at {h}, cf. note to 4.13.
Next let p be even and f € MZ/Q. Then by 12.11(b), Hg/z(f) is a carrier of £y, i.e.

Hp ), (f) = {0}. Applying 12.11(c) with k = p/2, we clearly get

7,0)=1- [ f(t)y(dt,0).
Rp

Thus (f). [ |
An important, non-obvious, property of the marginality operator My, left out in

Phil. Trans. R. Soc. Lond. A (1997)
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12.14, is that it carries M?% ‘essentially onto’ M(B,_o, B1), in the sense that given
G € M(By_2x,B1), there exists an F € M} such that M} (F) = G, a.e. {,_g;, on
RP~2¢ Remarkably, F' can be so chosen that it works for all k. The proof of this
result, 12.17 below, hinges on the lemma 12.16, to prove which we need in turn, the
following rough analogue of 7.5.

12.15. Lemma. Letp e Ny & j,k € [0,[p/2]]. Then with the convention 7.4,

(a) Yr € IIP & Yh € RP=2F, (R x RP-2)2.(h) C xpo.(k) - R¥;

(b) Vh € RE=2k (R?* x RE=2K)2 (h) = R¥, where 7, Is the k-standard partition in
.

Proof. (a) Let m € II? and h € RP~2*. By convention 7.4, R* is an admissible
version of 1-R¥. Hence for k € [0, j], taking this version, the RHS of (a) is R* and
the inclusion in (a) holds trivially.

Next let k & [0, 5], i.e. j < k. Then the RHS of (a) is 0 - R*, i.e. is in Ny, . Hence
to complete the proof we have only to show that

@ (R* x RY™#)2(h) € N, .

Proof of (1). Write A := R% xRP~2/ for brevity. Then since for 7w := {A;,..., A},
max Ay > 2k + 1 > 25 + 1, therefore A, € 7N [25 + 1, p]. Obviously

I, = {t t €ER? & tyin o, = tmaxa, ) CR¥ x 7%,
Hence, cf. 4.7 and 4.3, Vh € RP~2F
ANIZ(h) CANI(m,p) CANT, = (R¥Y x RP) N (R¥ x I7™%)
CRY x (REZ NP =R¥Y x ) = 0.
Thus AN IP(h) =0, and so applying @,
AP(h) =0 =0 -R* € N\j,.

Thus (I). This establishes (a).
(b) Let 7 = (71,...,7) € R* and h € RP~2*, Define

ti= (71,71, s Ty Tk, B1s oo, Rp—ok).
Then clearly 7 = - (t), where t € R** x R2=* and ¢ € I?, (h). Thus
7€ pr (R x R )N I ()} = (R* x RE7*F)2
As this holds V7 € R¥, we have (b). [ ]

Combining 7.5 with the last lemma, we get the lemma required in the proof of the
next theorem.

12.16. Lemma. Let (i) p € Ny, j, k € [0,[p/2]], (ii) m; be the j-standard partition
in I} and 7 € II}!, and (iii)

Z; = I(m;,p) N (R¥ x RP™27) C RP.

Then with the convention 7.4,
(a) Yh € RE=2(Z;)P(h) = §juxa (7)) - R;

(b) Yh € RE2, (77, (x2))() = 8juxer (), aue. £y on RE.

Phil. Trans. R. Soc. Lond. A (1997)
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Proof. (a) Let h € RP=2* then by (iii), the multiplicative property of the Boolean
homomorphism in 4.11, and the results 7.5(a), we have

(1) (Z;)5(h) = {I(mj, p) Yo (h) N (R x RE™)2(h)
= X[o.6)(J)xer (m;) - R N (R¥ x RE=#)E (h)
C Xjo.k) (1) x2= (m5) - R* N xpo, 51 (k) - R, by 12.15(a).
Since X0,k (J) - X[0,5(k) = 6%, we get
(2) (Zp)5(h) C 8k - xar (mj) - RE.
We see that the RHS of (2) becomes /j-essentially () when j # k or m; € m, in which
case (2) becomes an equality. Thus the equality in (a) holds, if j # k or 7; € .
Next let k = j and 7; C 7, i.e. let k = j and m, = m = 7. Then the RHS of
(a) = R*. Also by 7.5(b),
{I(me)}fr(h) = 67T_7‘77TRk =1- Rk
&
(R x RP™2)2(h) = (R** x R27P*)? (h) =R”, by 12.15(b).

Thus (1) reduces to (Z;)2(h) = R*NR* = R*, and the equality in (a) again prevails.
This proves (a).
(b) Recalling that, by 12.2(c) and 12.5(d), VA C R?,

[Jﬁ,h(XA)](T) = (xa)h(7,h) = X AP (h) (7)s TE Rk,
we see on taking A = Z; that (b) just restates (a). [ |

12.17. Main theorem. (‘Lebesgue essential ontoness’ of M]) Let p € N,.
Then Vk € [0, [p/2]], the marginality operator M, on M} is {,_o essentially onto
M(B,_2x, B1), and uniformly for k. More precisely, let Go, G1,...,G,/2 be such
that Vk € [0, [p/2]], G € M(By—2k,B1). Then

[p/2]
dFe (Y My > Vkelo,[p/2],  MIF)=Gk ae [ o

k=0

In particular (for k =0), F' = Gy, a.e. {,,.
Specifically, we can take F' to be such that Vt € RP,

[p/2]
F(t) = Z pj{@ﬂ; (t)}Gj (t2j+1v s 7tp)XI(7rj’p)ﬁ(R2j fofzj)(t)a

=0
where each p;(+) can be any probability density on R7.1°
Proof. Let k € [0, [p/2]], and grant momentarily that
) merr® LY 2@ 0 -n06m o ®
mell}

Then for £, o almost all h € RP=2¢ LHS(I) = Gi(h)px(-) € L1(R¥). Therefore by

10 For j = 0, po is a probability density on R® = {0}, i.e. p; is the function on {0} such that po(0) = 1.
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12.13(d), F € Mg. By 12.14(a), Vh € RP—2k

1) N0 = g ®) [ [Z T2 o(F ] )0y (dr).

wellf

Now let h € RP=2¢  HP(F). Then by (1) and (I),

@) MEENR) = [ (DG () = Gulh) [ (s (d) = G,

since px(-) is a probability density on R¥. Now RP=2* is a carrier of £, o5, and
since F' € MY, therefore by definition 12.11(b), HY(F) is a carrier of £, o,. Thus
RP=2F N HE(F) is a carrier of £, oy, i.e. by (2), M} (F) = Gy, a.e. £,_oy, as desired.
Hence it only remains to prove (I).

Proof of (I). Define Vj € [0, [p/2]] and Vt € RP,

9i(t) = gj(t1, ... 1) := Gj(taj1, .- - 1p),
3) [i@) == pi{px ()} - g;(t) &
Z; :=I(mj,p) N (R¥ x RP~27).

Then, cf. enunciation,

[p/2]
(4) F= Z Fi(8)xz,(
Let m € II? and h € RP=2*. Then by the linearity and multiplicativity of JZ ,,
(p/2] [p/2]
JELE)Y =T (f) - T, Z Jr, 8 - Xar (), by 12.16(b)
=0

= Jﬁ,h(fw Xz () = Jﬁ,h(fk) Tk,
since Xar (7)) = Oxy x, as ™ and 7, have the same cardinality. Hence
(5) Do IEE) =Y TR () b = T2 ()
nelly} nellyf

Now by (3) and the multiplicative property of J? ,, V1 € R,

[T n(FI(T) = (T2, (pr 0 0r)I(T) - 17, 1 (g0)](7)-

But by 12.5(a), the first factor on the RHS is py(7), and the second factor is by
definition

gk{eik’h)(T)} :gk(7—177—17~-'77—k77_k7h17~”7hp—2k)
= Gk(hl, ey hp—2k) = Gk(h), by (3)
Thus

vreRY, 7 w(fl(7) = pi(T)Gr(h).
Substituting this on the RHS of (5), we get (I). u

We next attend to symmetric f, and show that the earlier results appreciably
simplify. We can sum up the situation in the following single proposition:

Phil. Trans. R. Soc. Lond. A (1997)
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12.18. Proposition. Let p € N, k € [0,[p/2]] and f on R? be symmetric. Then
(a) Vr € I, Vi) € Perm(p — 2k), Vh € RP=2F & V1 € RP, f2(1,h%) = f (7,h);
(b) Vh € RP—2k & V7 € RF,

S sy = () )t (i )
nell

(c) Vm € Iy, HE(f) = HE (f) = H{(f) € B

(d) fe M} iff HE is a carrier of {,_sy;

(e) Vf € ML,

70 =ity 0 () (4o [ 12,790 (0

(f) f? is symmetric on RP~2k,

Proof. (a) By a permutation ¢ € Perm(p), we can unravel the mix-up of 7,’s and
hg’s in f2(r,h?) to get f2 (7,h). But since f is symmetric, such a permutation will
not affect f. Thus (a).

(b) This follows at once from (a), (12.3) and (1.17).

(¢) Since by (a), for each h, fP(-,h) = f? (-,h), the first equality in (c) follows
at once from the definition of HP(f) in 12.9(d). The second follows from this, since
H?(f) is now the intersection of equal sets, cf. 12.12(b). As for its symmetry, let
¢ € Perm(p — 2k). Then since fP(-,h?) = fP(-,h), we have

he (HYDY = WeHNf) < [i-h") € Li(R)
<~ fP(,h) € 1(R) <= he HE(f), by (a).
Thus {H2(f)}¥" = H2(f). Hence HE(f) is symmetric.

(d) This follows at once from the definition 12.11(b) of M} and the last equality
in (c).

(e) This follows from the equality 12.14(a) and the equalities in (b) and (c).

(f) Since f is symmetric on R?, therefore

Vr e R¥, L (1)) = f(T1,71, -, TkTk, -) is symmetric on RP—2F,

Hence

/ fE (7, )0k (d7) is symmetric on RP~2F,
Rk

But by (c), xgr is symmetric on RP~?*. Hence by (e), f7 is symmetric. Thus (f). B

Finally we turn to the tensor products f1 x --- x f, of real valued functions f, on
R. They are the functional analogues of the intervals P! x - -- x PP in the set-theory
in §§3 and 4, and play an analogous basic role. We can arrive at their sectioning by
starting from 4.9(b) and applying the heuristic rule 12.8. The sectioning takes the
following simple form, cf. (4.19):

12.19. Triviality. Let (i) p, k, m and M, be as in (12.1) & A, := {ia, ja}, (ii) f,
fi,--., f, be functions on R to R, (iii) 7 € R* & h € R?~2¥. Then
(a)

p—2k

<V>p<i1 fl,>i(7-, h) = Lﬁ_l fmin 4, (Ta) - fmaan(Ta)] . 51_[—1 fing (hg);
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(b) in particular, (f*P)2(7,h) = [f*F(1)]? - f*P=28)(R), where f*P := f x f x ---
(p times).

Proof. Obviously,
(41, J1y -+« Uy Jy M1, - - ., Mp_o) 18 & permutation ¢ of (1,2,...,p).
It follows that Vt = (t1,...,t,) € RP,
(tivs by tis Lis by - - -y by, ) IS the permutation ¢© of ¢.

Now let F:= X?_, f, = fi x -+ x f,. Then since multiplication is commutative, it
follows that Vt = (t4,...,t,) € R?,

m—2k

(1) F(t) :=ﬁfu(y {H Fio (ti ) fia (8 } H Fins ()

Now let 7 = (7,...,7%) € R* & h = (hy,...,hy_o) € Rp’z’“. Then by definition
12.2,

(2) F2(r,h) := F(t), where t=07,(7),
i.e. where t is given by
(3) Vae [Lk], ti,=1a=1, & VBec[l,p—2k], tn,=hs.
Substituting from (3) into (1), and appealing to (2), we get the equality in (a).
(b) This follows from (a) on setting f; =--- = f, = f. [ |
We next address the question as to when the tensor product fi; x --- x f, of

functions fi,..., f, on R to Ris in M, ;, cf. definition 12.11(b). We have the follow-
ing elementary lemma, where (b) and (c¢) are the analogues of (4.20) in which linear
combinations of tensor products replace the simple functions (i.e. replace linear com-
binations of indicators):

12.20. Lemma. Let (i) pe Ny & k € [0,[p/2]], (ii) f1,..., fp € L2(R). Then
(a)
P
X f, e My
(b) V€ II} & Vh € RP=2F

/Rk<>< fy> 7 )l (d7) = H(fmmﬂ,fmaxmz(m.( < fm>(h);

= Aer

(c) Vh € RP—2k,
P P
<>< fu) ( == Z {H(fmlnAafmaxA Lo (R < >< fm) }
v=1 k TrEHp Aer me M
(d) in particular, for even p,

(% f”):/Z(O): Z {H(fminA,fmaxA)LQ(R)}.

welly p) ~Aem
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Proof. (a) Since F := XV_, f, € M(B,,By), therefore by definition 12.11(b),
we need only show that H}(F') is a carrier of £,_ 5. We shall show in fact that
HP(F) = RP=2 e,

(1) Vrell? & VheRP 2 (X f,,) (- h) € Ly (R¥).

Proof of (I). Let m and M be as in 12.1. Then by 12.19(a), Vh € RP=2*,

J. (?ﬁfv> 0
“Ja]

- H/ |fm1nA Ta) fmaxA (Ta)wl dTa H |fm[g h',B

gk (d’T)

p—2k

) fmaxA (Ta) Ek: dT) H |fm[j hﬁ

p—2k

k
< H |fminAa|2,21|fmaan|2,Z1 ‘ H ‘fm,@(hﬁ” < 0,
a=1 B=1

by the Schwartz inequality and (ii). Thus (I) holds, and (a) is proved.
(b) Let m € I} & h € RP~=2*. Then by 12.19(a),

/Rk<>’;< 1) e s

-/ LHfmmA () s (72| - Hfmﬁ<hﬁ 4 (dr)

k p—2k
= H - fmlnA ( ) fmaan(Ta)el dToz H fmg h’ﬁ
a=1
k p—2k
= H(fminAavfmaxA La(R) * ( >< fmﬁ) RHS(b)
a=1
Thus (b).
(¢) This follows from (b) and by 12.10(¢). The result (d) is an obvious special case.
|
An important special case of the last result, obtained on setting f; =--- = f, = f,

is the following:

12.21. Corollary. Let p € Ny, k € [0,[p/2]] & f € Ly(R). Then
(a) f*P € My;
(b) V€ II? & Vh € RP=2F,

L e @) =175, - 0
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1196 P. R. Masani
(c) Yh e RP=2F, ()i (h) = (5) zel f135, - F*@~2F) ().

13. Integrability and integration with respect to the measure ¢,

The greater complexity of the covariance structure of the measures ¢, in relation
to the measures 7, is reflected in a greater complexity of the classes P; ¢, and the
operators K¢ , vis-a-vis P1,, and E, discussed in §10. We abide by the definitions
and results in (A.9)—(A.26), where now p is to be &,.

For the relationship between the spaces P ¢, and Py, note that from the inequal-
ities
(13.1) Vf e M(B,, B{(R)), [flim, < flue, & [flie, <Ifle,
which by (A.9) are simple consequences of 9.13(h), it follows at once that
(132) Pl,fp g Pl»np = L2(RP) (Cf 105) & Pl,fp g PLCP'

But the inclusions in (13.2) are proper for p > 2, as the following example shows:
13.3. Ezample. Let p € Ny be even. Then x;» € Ly(RP)\ Py, .

Proof. Since I}, C I € Ny, cf. 7.1(a) and (4.14), so obviously f := xre,, €
Ly(RP). Next, let Vn € Ny, D, be the part of I, inside the box [0,n]?, i.e. D,, :=
[0,n] N 1}, Then D, € D), and cf. (A.13)

(1) [flre, = s¢,(Lp)5) = s6,(Dn) 2 [€(Dn)l s

But by (8.7) and (8.8),
§p(Dn) = Ep{&,([0,n]")} - 1(-) = ap/2np/2 1.
Hence [£,(D,,)| = ap/an/Z. Thus by (1), |flie, =00, i.e. f & Pie,. [ ]

The specific part of Ly(R?) that constitutes P ¢, , emerges from the next lemma,
in which &, (-) := proj(&,(-)|Sy,_,.) on Dy, cf. (9.15):

13.4. Lemma. Letpe N, & k €[0,[p/2]]. Then Vf € M(B,, B1),

1 [p/2]-1 [p/2]
[ /2] Z |f|17€p,k < |f|1,§p < Z |f‘1,€p,k'
P k=0 k=0

Proof. We first assert that Va' € (L,) & VA € B,,

LS p/2]
M) D 2o 17 o 6l(4) <106 I(4) < X la' 06l (4).
k=0 k=0
Proof of (I). Let a’ € (L)' & A € B,. Then, since by (9.10), & = S0/ &,
therefore
[p/2]
VD € D,, z' o0&, (D) = Zx'oé},,k(DL
k=0
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whence follows the second inequality in (I), namely,

[p/2]
(1) 2" 0 &,|(A Z 2" 0 & 1 l(A
Next from 9.16(b), for 0 < k < [p/2],
(2) |2 0 &kl (A) = |27 0 GEHAN IR\, 1)} < [27 0 &l(A).
Thus
[p/2]-1
D 1 0 ul(A) < [p/2] - |7 0 6,1(A),
k=0

and division by [p/2] yields the first inequality in (I). Thus (I).
Now let f € M(B,,B;). Then by (2), Vk € [0, [p/2] — 1],

L U@ ol @) < [ 170112 0l @

[p/2]

<3 [, 101 el @by )

Taking the sup for |2/| < 1 in all three terms, we get

[p/2]

VEe[0,[p/2] 1], fhe. <Ifle < Z |flrep-

Summing over k in the first of these inequalities and dividing by [p/2], we get

[p/2]-1 [p/2]

1
m Z |f|175p,k < |f|1,£p < Z |f‘1,§p,k-

k=0 k=0
u
It follows at once from the last lemma, and from (9.10) and the linearity of E,(f)

as an operator acting on the measure p, the inclusion RangeE¢,, C S, ,, and the
orthogonality of the S, , that

[p/2]
VpeNy, Pig, = ﬂ Pie, .
(13.5) { &
[p/2]
Vf€Pre,, Eelf Z Ee, .(f), Ee,,(f) LEg, , (f), J#k

These equalities reveal the centrality of the measure ¢, j, and bring up the ques-
tion as to what are the classes P; ¢, , and the operators K, ,—questions, which are
interesting by virtue of the formula

VD € DP’ £p7k(D> = / 75(D7 h’)np—Qk (dh)>
Rp—2k
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established in 11.7. These questions are answered in theorem 13.10 and corollary
13.12, on the basis of the results in Appendix B.

We first note that since by 6.1 and 9.16(c), §, and &, ; are invariant under the
group on B, induced by Perm(p), we infer from lemma A.35 that:

veN, & Vke[o[p/2)
(13.6) f € Pre, = V¢ € Perm(p), f¢e Pre, & Egp(]“’) =E¢, (f),
f€Pig,, = Vo €Perm(p), [*E€Pig,, & Eg, (f?)=E,(f)

Moreover (~ denoting symmetrization), (13.6) entails that

[ €Pre, = f~€ Pre, & Ee(f) = Ee, (),
f S ’PLgpk — f € Pl,ép,k & Eﬁp,k(f) = EEP,k(f)~

The example cited in the note to 10.3 shows that f € Pi¢, #= f € Pig,. Con-
sequently in studying Py ¢,, and E¢ ,, we may take f to be symmetric only with
caution.

We must now note that by B.9, the measure o := 7),_y, satisfies the restraint (B.2)
on letting H = L5 and ¢ = p — 2k, and that the canonical coefficients 77 (-, ) have
all the attributes of the Markovian type kernels listed in (B.3). More fully,

13.8. Lemma. Letp e N & k € (0,[p/2]]. Then K(-,-) := ~L(-,-) satisfies (B.3),
ie.

(13.7)

(a) vE(-,) is a function on D, x RP~?* to Ryy;
(b) Vh € RP=2F 4P(.,h) € CA(D,, Ros);

(C) VD € DP’ ’Yz(D’ ) € Plﬂ?p—%;

(d) VD € D™, v7(D,-) is symmetric on RP~2¥,

Proof. (a)—(c) are clear from 4.16(a), (b); and (d) restates 6.10(b). [ |

Furthermore, by theorem 11.7, the measure p(-), determined by the kernel v} (-, -)
is &, , which by 9.16(c) is permutation invariant, i.e. we have

Wk 0p/2] & VDED, &uD)= [ AADhmudh)

& V¢ e Perm(p), & x(D?) =Er(D).

Thus all the premises imposed on the kernel K(-,-) and the measure p in main
theorem B.8 are satisfied (¢ now being p — 2k), and from this theorem we conclude
(recalling the definition 12.11 of M} and f7):

13.10. Main theorem. (on P, , & E. ) Let pe N, & k € [0, [p/2]]. Then

3

() Pre,, = {f: f € M & |FP0) € oy i)
(b) Vf e Pl,gm,

B (0= [ A [ £k e oo @0) =B, 0D

(c) VfEePT . AN € N3¥3, such that ff(-) is symmetric on RPF=2*\N.

(13.9)

Theorem 12.10(c) allows us to express the condition for , ;, integrability as well as
the &, integral, in terms of the Lebesgue measure /i, in the following more usable
forms:

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

A

y

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

/,A\
A
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

Im \

A

A

A

A

OF

OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1199

13.11. Theorem. Letp e Ny & k € [0, [p/2]]. Then
(Cl) fe ,Pl’ngC iff f € M(BP,B1) & V7 € H]f,

/R [ /R /(7 bl <d7>r€p2k (dh) < oo,

B (= [ | [ em o) an,

nelll

(c) Vf e P,

Be () = (J)ow [ { [ 22t @ oo

Proof. (a) By 12.14(a) and the last equality in 12.5(a),

0= 3 [ @M@, ae foa o R

welly

It follows readily that |f|} € Lo(RP=2*) iff each integral on the RHS is in Lo (RP~=2F),
i.e. iff the condition in (a) holds. Since Ly(RP~2*) =Py, ., cf. 10.5(a) we have (a).
(b) On the RHS of 13.10(b), replace [, f(t)v} (dt, h) by the expression in 12.10(c).
This yields (b).
(c) We repeat the steps in (b) except for using 12.18(e) instead of 12.10(c). [ |
Finally, reverting to (13.5), recalling as noted after (9.15), that P , = P1,, =
Ly (RP), and appealing to theorems 13.10 and 13.11, we can state the condition for
&p-integrability and the value of the & -integral as follows:

13.12. Main theorem. (on P, & E. ) Let p € Ny. Then f € Py, iff

[p/2]
fe M, & Vkelo,[p/2], |f}€Pry o

k=1

ie. Yk €[0,[p/2]], f € My & Y € ITF,

/szk {/Rk |f2(7, h)|lk (dr)}2gp2k (dh) < .

Moreover, we have the orthogonal expansion:

[p/2]
VEE€Pre,  Ee(f)=> Ey (D)

k=0

Note. As the reader can easily check, the condition in 13.12 corresponding to k = 0
is just

/Rp |f(R)|C, (dh) < 00, ie. f & Ly(RP);
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and for k = p/2 when p is even, it is that

Vre iy, [ 18 dr) < .
For symmetric f, the condition for membership in P; ¢, simplifies appreciably. We
have

13.13. Corollary. (Symmetric f) Let p € N, and f on R? be symmetric. Then
(a) f € Prg, iff f € Y M, and Vk € [0, [p/2]],

2
/]R 2k {/Rk (s 7, T B (dT)} 0oy, (dh) < o0;
(b) Vf € Pffgj
[p/2]

B (D=3 (g )ou [ { [ 6 an b an).

k=0
Proof. Part (a) is clear from 13.12, 12.18(a) and (12.3). Part (b) is clear from 13.12
and 12.18(e). [
The covariances of the integrals E¢ (f) are readily had from the equality in 13.12:

13.14. Proposition. (Covariances of the E¢, (f)) Let (i) p,q € Noy, (ii) f €
Pl,&w g &< Pl,gq. Then
(a) if ¢ < p and p — q is even, we have

la/2]

(Be,(1).Be,(0) = Y- (0= 200 [ Py, (M) (b
P Rp—2k
Eb; if p+ q is odd, we have Egp(f) L E, (9);
Ip/2) i
B, () = Y= 200 [ 1FEe - ()

(d) Null space (E¢)) = {f: f € Prie, & Vk €[0,p/2], f2() =0, ae. £, o}

Proof. (a) The proof is routine. By appealing to the first result in (13.7), we can
deal with (E¢, (f),IE,, (f)). We compute this, using the last equality 13.12. We then
note that by 12.13(a), f¥%, f{ are symmetric and we simplify further by means of

10.3(a).
(b) is obvious since by (A.29) and 8.6, RangeE;, C S¢, L S¢, O RangeE,,.
(¢) We take ¢ =p and g = f in (a).

(d) This follows at once from (c). [ |

The equality in 13.14(a) corresponds to the covariance equality for sets given in
5.3. For on letting f = xp and g = xg in 12.18, we get the equality in 5.3 on noting
the formula in 5.2(c).

For the expectation of the integrals E, (f), we have:

13.15. Proposition. Let p € Noy & f € Py1¢,. Then

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

= Y

A

<
]

NI
olm
~ =
k= Q)
O
= uwv

PHILOSOPHICAL
TRANSACTIONS

A

4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

—%

OF

A

A

OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1201
(a) if p is odd, Ep{E¢,(f)} = 0;
(b) if p is even, Ep{Ee¢,(f)} = f;/5(0).
Proof. (a) Let p € Ng,. Then by (A.33),

) Ee{Ee (N} = [ () (Bpo6) ().

If p is odd, then by 5.9(b), Ep 0§, = 0 on D, and we get (a).
(b) If p is even, then by 5.9(a), (Epo&,)(D) = 7;’/2(D, 0), and therefore

RHS(1) = /R FE02 5 (d,0) = f2,,(0), by 12.14(f).

The integral analogue of the projection theorem 11.7 reads as follows:

13.16. Proposition. Let p € Ny & k € [0, [p/2]]. Then

(a‘) \V/f S Pl,&,ﬂ PrO.j(EEp (f)|87]p—2k) = ]Eﬁp,k(f) = E"]p—Zk (f}f);

(0) Vf € Prg,, Proj(Ee, (f)ISy,) = Ey, (f).

Proof. (a) Let T be the projection operator on Ly onto S, _,,. Then VD € D,,
T{&(D)} = &ir(D), by (9.15), i.e. T 0§, = &y, Hence for f € Py, , by (A.32),

LHS(a) = T{E¢, (£)} = Erog, () = B¢, (f) = By, ., (ff) Dby 13.10(b).
Thus (a).
(b) This follows on taking & = 0 and on noting that f§ = f, cf. 12.14(f). [ |
Our next goal in this section is to show that the range of the integral operator
Ee, is closed in L5, and therefore by (A.29) equals the closed subspace spanned by

the values of the measure ¢, itself, and to draw from it a result on liftings. In full
analogy with the equality (10.6) for 7,, we have:

13.17. Theorem. Vp € N, RangeE, = S, is closed.

Proof. Obviously RangeE¢, C S¢,. Hence we have only to show the reverse inclu-
sion, i.e. that

(I) Vo € S, , dF € Pie, 3 Ee, (F) =z
Proof of (I). Let x € S¢,. Then since by (9.9),
[p/2]

Se, =Y Sppuer Sy LS, i#
k=0

therefore
[p/2]
(1) Vk € [0, [p/QH, dixy € Snp_% > Z T = X.
k=0
By (10.6),
(2) vk €0,[p/2l, H1Gr € La(R"**) 3 K, _,, (G) = 2.
Now by the main theorem 12.17 we know that
[p/2]
dF € ﬂ MY 5 VEkel0,[p/2]], FP =Gy, ae. f, o on RP2F
k=1
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Since Gy, € La(RP=2F), each F} € Ly(RP~2%). Thus by theorem 13.12, F € Py, .
Furthermore, by theorem 13.12,

(p/2] [p/2]
Eﬁp(F) = Z Eﬁp—Zk(Flf) = Z Eﬁp—mc (Gk) =, by (1) and (2)
k=0 k=0

The last theorem allows us to settle the lifting problem alluded to in §1h. This
problem is to show that each equivalence [f] in Ls(RP) has a representative F' that
possesses the so-called kth trace in Ly(RP~%%) for each k € [0,[p/2]]. A preliminary
result is the following:

13.18. Corollary. (On lifting from L;(R?) to Pi¢, ) Let Vo € Ly & Vp € N,
(i) f? be the Radon-Nikodym derivative defined in corollary 11.2, and (ii) [f?] be
the equivalence class in L™ (RP) containing f?, cf. 11.1(b). Then

Ve € Ly & Vp € Noy, [fAINPre, # 0,
i.e. for each x € Ly, [f] has a representative ¢, in Py ¢ .

Proof. Let v € Lo, p € Ny & & := proj(z|Se,). Since by 13.17, S¢, = RangeE,
therefore 3F, € Py ¢, such that & = E¢, (F,). Now since S, C S, , therefore

(1) proj(z[S,,) = proj(2[S,,) = proj{E, (F:)[S,,) = Ey, (F2), by 13.16(b).

Since by theorem 11.1(c), LHS(1) = (1/ph)E, (f2) =E, ((1/p!)fE), we see from (1)
that

E,, ((1/ph)ff - F,) =0, ie. (1/p)ff — F, € Null space (E,, ).
Since by 11.1(b), f? € L3™(RP?), therefore by theorem 10.5(b),

0=((1/p)fr — F,)" = 1/ph)fo — F, = (1/p)f? — F,.

Hence ¢? := p!Fz = f2in Lo(RP?). And since F, is in Py ¢, so by (13.7) is F, and
therefore so is ¢2. Thus ¢2 € Py, N [fL]. [ |

13.19. Remarks. (The Feynman integral) With the notation of the last corollary
the function ¢ := p!F,, being in P, ¢ , satisfies the conditions of 13.12, i.e. Vk €
[0, [p/2]], (¢R)}, exists and is in Py, _,,. Moreover, since ¢¥ is symmetric, therefore
by proposition 12.18(e), for £, ;. almost all h in RP=2%,

(¢g)£(h) = <pk>062k /Rk ¢£(7'177'17---7Tk7'k;h)£k (dT)-

The last term, apart from a well-determined constant factor, matches formula (1.3)
in Johnson & Kallianpur (1993). The latter formula can thus be secured by the
following recipe: Project the given x in £, on the subspace S¢, generated by the pth
Wiener chaotic measure §,. This, by theorem 13.17, yields an integrand F, € Py, .
Take the symmetrization of this F, and multiply it by p!.

By hindsight, however, we can be even more explicit. We can avoid all reference to
vector measures, and rely instead entirely on theorem 12.17, i.e. on scalar concepts
emanating from the diagonal skeletons. To get from the equivalence class [f], where
f € Ly(RP), a representative F for which the ‘kth trace’ is a given G}, € Ly(RP~2F),
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VEk € [1, [p/2]], take the function, F' given by

[p/2]
F(t) = Z Pilom: (DYG (Baj1s - s tp) Xy (o2 xrE-249 (1) Vt € RP?,
§=0

where each p; is any probability density on R/, and Go = f.

Finally, towards establishing contact with Ito’s integral, we ask for what kind of
fis Ee (f) =K, (f)? An answer is provided by the next lemma.

13.20. Lemma. Letp e Ny & f € Ly(RP). Then
Vf € Pie, suchthat suppf CRL:=R\IY, E(f)=E, (f).

— Mp

Proof. Case 1. Let p = 1. Then & = 1, and the result holds trivially.
Case 2. Let p > 2, f € P1¢, and supp f € R?. Then by 12.14(e), Vk € [1, [p/2]],
0= MZE(f) = fP. Hence by theorem 13.12,

[p/2]
Ee,(f) = > By o (ff) =B, (f5) =B, (£),
k=0

cf. theorem 12.14(f). [ |

The Ito integral. Let p € N, . Ito (1951) calls a function f in S(P,,R) special iff f
vanishes on the diagonal skeleton I7. Ito shows that the class ¥, of special functions
is a linear manifold everywhere dense in Ly(R). Ito’s definition of the integral I,
reads simply:

VfES)  L(f) =B ()"

It is shown that [, is a linear operator on X, into L, and that (1/y/p!)L, is a
contraction, i.e.

Vf e, 1L, (O < VP Sl
This allows Ito to define I,(f) for any f € Lo(RP), by taking f, € X, such that
|f — fn\z,ep — 0, and letting

lp(f) = lim lp(fn)

n— oo

We contend that I, is just E, :
13.21. Proposition. Vf € Ly(R?), L,(f) = E,,(f).

Proof. Let f € ¥),. Then by definition, I,(f) = E¢,(f). But by lemma 13.20, the
last term is [, (f), since supp f € RE. Thus
(1) vies,  L(f)=E, ().

Now let f € Lo(RP) and f,, € X, be such that | f— f,[2.¢, — 0. Then by the definition
of I, and (1),

2) L(f) = lim L(f,) = lim E, (f,)
But by 10.3(b), [E,, (f) —E,, (fn)| < VP f = fal2,e, — 0. Hence the last limit in (2)
is E,, (f). Thus L,(f) = E, (/) .

11 The bar under I is inserted to avoid possible confusion with the diagonal skeleton.
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1204 P. R. Masani

14. The Fubini theorem for tensor products of functions
on R?P and on RY

Let C, D be 6-rings over some sets S and T, and p € CA(C, Ly), 0 € CA(D, L,).
As remarked in 5.24, p x 0 ¢ CA{6-ring(C x D), L5}, in general.

Now let f € M(C*°,B,), g € M(D"°, B;). Then the (tensor) product f x g on
S x T defined by

(fxg)(s,t):=[f(s)-g(t),  (s,t) e SxT,

is in M[{6-ring(C x D)}°°, B;]. Even granting that we have
(1) p x o € CA(6-ring(C x D), Ls),
it is not clear that in general

(2) f € Pl,p & ge Pl,a = f X ge Pl,pxg-

The difficulty lies in the absence of a nexus between the Pettis norms |f X g|1,pxo
and | f|1,5, |9]1,0, cf. (A.9). This absence stems from the fact that for X, X5, Y € Lo,
we know of no way to bring about an inequality such as

(X1 - X5, V)| < (X1, Y1) - [(X, V2|

for suitable Y7, Y3 in £5. Nor is there any convenient relationship between the norms
| X1 - Xaolz, and | Xq|z,, | X2|c,, that offers an alternative approach.

However, once these two difficult points are conceded, and (1), (2) are taken as
premises, the Fubini equality E,.,(f x g) = E,(f) - E;(g) is provable by standard
considerations, as shown in the next proposition:

14.1. Proposition. (A Fubini theorem for L;-valued measures) Let
(i) C, D be 6-rings over spaces S, T & D = é6-ring(C x D),
(ii) p € CA(C, Ly), 0 € CA(D, L,) be such that p x o € CA(D, L),
(ili) f € P1,p, g € P10 be such that f x g € P1 pxo-
Then

EPXO’(f X g) = Ep(f) : EU(Q)'
Proof. Case 1. Let f € S(C,R) & g € S(D,R), cf. (A.12). Then obviously f x g €
S(D,R), and an elementary computation shows that
(1) Epxo(f % 9) =Eo(f) - Es(9).
Case 2. Let f € P, & g € P1, be such that f X g € Py ,x,. Then by the
approximation theorem A.24,
)T € SECR)S LGSOl [fa = flie, =0,
(2) &
dN; € N, 5 Vx € Q\Ny, fulz) — f(2);

3(gn)5° € S(D,R) 3 |gn ()] < 19()l, |9n — gl1,0 — 0,
(3) &
IN, € N, 3 Vy € A\ Ny, 9n(y) — 9(y).
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Homogeneous chaos 1205

It follows from (2) and (3), cf. A.26, that

<4) EP(f) = nh—>Holo Ep(fn) & Eo(g) = nh—>nolo ]Eo(gn)-
We now assert that
(I) pro(f X g) = nhjgopra(fn X gn)'

Proof of (I). By (2) and (3),
V(s,t) € ST, [(fu x gn)(s,t)] = [fn(s)] - [gn(t)]
< [FG)-1g@)] = I(f x g)(s, D),

i.e. by (iii) and (A.11)(d),
(5) VneNg,  |(fa X gn) () < X 9) ()] € Prpxo
Also from (2) and (3)

Y(s,t) € (S\N1) x (T\Na),
(6) (fn X gn)(s,t) = fn(s)gn(t) — f(s)g(t) = (f x g)(s,1).
Letting N := (Ny; x T) U (S x N3), we know (cf. A.44) that

(S\N1) x (T\N3) = (SxT)\N & NeN, .

Hence from (6)

(7) V(s,t) € (SXTN\N,  (fuxgn)(s,t) = (f x g)(s,1).

It follows from (5), (7) and the dominated convergence theorem A.28 that
®) T Epeo (o % 90) = g (£ x 9).

Thus (I).

Let us denote by F,,, F, G,,, G, @,, ¢ the random variables
Eo(fn); Eo(f), Eolgn), Eol9), Epxo(fn X gn), Epxol(f xg)
in Ly := Ly(Q2, A,P;R). Then by case 1,
(9) ¢, =F, - G,,
and by (4) and (I),
F,—-F G,—G & &,— @ in L,.

By three applications of the subsequence principle, we arrive at a P-negligible set
N C Q, and a sequence (ny)32; in Ny such that

(10) Yw € Q\N,
F, (w) = F(w), G, (w)—Gw) & &, (v)— P(w) as k— oo.
Thus by (10), Yw € Q\N,
F(@)G() = lim By, () lim G, (@) = lim [, (0)G, )

[e%s} k—o0
= klim P, (w), by (9)
- B(w), by (10).
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1206 P. R. Masan:
Thus @ = F - G a.e. P on §2, and hence in £5. More fully,

E,xo(f xg) =E,(f) - Es(9), a.e. P on Q.
u

Our first goal in this section is to show that the measures ¢, and &, for which, as
we already know from 5.14, £, x & € CA(Dp4q, L2), are again non-pathological in
that the implication

(*) f S 'Pl@p & g c 731,5(1 — f X g € P175p+q7
prevails, and that therefore by 14.1, for f € P1¢, & g € P1¢,, we have both

fxgePie,, & Ee, (fxg)=Ee(f) Ee/(9)

Our second goal will be to find the more difficult connection between the integrations
E,, xn, and E, . . The reader willing to take (x), i.e. 14.10 below, on faith can turn
to 14.11.

To turn to the implication (x), our ignorance of the connection between the three
Pettis norms cited at the outset, and between the three L5 norms | X - Y|z,, |X|z,,
|Y'|,, precludes us from proving that f x g € Py ¢, by a limiting argument starting
with simple functions. We are obliged to fall back on the integrability conditions
given in 13.12 It is convenient to restate this theorem for a function F on RP™? in
a format which in the special case F' = f X g, with f € P1¢ , g € P1¢,, will reveal
the conditions that f x g must be shown to satisfy in order that f x g € Py,

14.2. Lemma. Let p,q € Ny. Then F' € Py, iff
(a) F € Ly(RPH9)

&
B)  Vvrel,ilp+9ql] & Vme It

2
/R+ ., {/ |FPYa(, h)|e, (dr)} lpiqar (dh) < 0.

The condition («) is easily verified for the tensor product fxg. Forif f € Py ¢, , and
g € Pie,, then, cf. (13.2), f € Ly(RP), g € Ly(R?), and therefore f x g € Ly(RP*9);
thus
(14.3) fe Plv&p & ge 'Pqu = fxge LQ(Rp+q).
As for the condition (), we have to attend to the sectioning F?4(r, h) for F := fxg,
with f on R? to R, g on R? to R, and where 7 € IIP*9, 7 € R" and h € RPT972", We
claim that there always is a factorization

(#) (f x g)5ra(r.h) = f2,(r' ') - g2, (72, B°).

This is proved in 14.9(a), which in turn leads to the integral factorization in 14.9(b).
This gives us enough control over the integrals in 14.2(3) to allow us to deduce (x)
in 14.10.

To find out what the far from obvious 7y, T, 7, ht, 72, A2 in (#) might be, it is
worth considering an example:

14.4. Example. Let p=11,¢q=9,r =7, and so p+ q — 2r = 6,
(1) m={{1,8},{2,16},{4,6}, {5,20},{9,10}, {14,19}, {17,18}} € IT}";
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Homogeneous chaos 1207
say m = {A1,..., A7}, Ay = {ia,Ja}, @ € [1,7]. Then
(2) M :=[1,20\M, = {3,7,11,12,13,15}.
Let
7=(1,...,7) €ER" & h=(hy,...,hs) €RE.
Then
(3) 020,(7) = (t1, ..., tiritio, . ., t20),

where by 12.2(a), Ya € [1,7], t;, = 7, = t;, & VB € [1,6], t,n, = hg. It follows that
ti=tg=71, tao=tig=T72, t3=hy, ts=15=r13,
ts =too = T4, tr=hy, tg=tio=75 t11=hs,

tig =hy, tis=hs, tiu=tig=15 tis=hs, ti7r="115="Tr.
Thus

(4) efr?h(/r) = (T17 T2, h17 T3,T4,T3, h27 T1, 75,75, h37 h47 h57 T6,76,72,T7, 77,76, 7—4)-
Now let m; comprise the cells of 7 that fall in [1, 11], i.e. let
(5) m = {{1,8},{4,6},(9,10}} € II;".

Then, as the reader can check

(6) (7_177_27h177—377—477—3ah277—177—577—57h3) = 9;},51 (Tl)7
where
(7) 7= (11,73, 75) € R?,

these being the only 7’s that appear twice in the first 11 terms of the sequence (4),
and

(8) iLl = (7’2, hl, T4, h2, hg) < R® = Rll_Q'g,
these being the terms still left among the first 11 terms of the sequence (4), after the
removal of all the 7’s in (7).

Next, take the cells of 7 that fall in [12, 20], namely, {14, 19}, {17, 18}, and displace
them by —11, and so obtain the partition

(5') = {{3,8),{6,7}} € I0.

Then, as the reader can check,

<6,) (h47h5>7—6a7—277—777—777—677—4) :9?1-2’;}2(7'2),
where
(7) 7 = (76,77) € R?,

these being the only 7’s that appear twice in the last nine terms of the sequence (4),
and

(8 h? := (hg, hs, hg,72,74) € R® = R9~%2

these being the terms still left among the last nine terms of the sequence (4), after
the removal of all the 7’s in (7’). On combining (4), (6) and (6"), we see that

9) O (1) = (07, 2 (1), 0, = (7))
Phil. Trans. R. Soc. Lond. A (1997)
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1208 P. R. Masani
Now let f, g be functions on R and R?. Then

(f x @) (7, h) = (f x g){075,(h)} by 12.2(b)
= f{eﬁ o (T D} Q{Q}ri o (T % by (9)
=: frl(r! bt ) gy, (72  h?), by 12.2(b).

It seems clear from an 1nspect10n of example 14.4, that the recipes in it for procur-
ing the ingredients m;, 7%, h! and 7, 72, h? needed for the factorization, should work
in general. This leads us to define these ingredients by means of the recipes them-
selves:

14.5. Definition. (a) Let (i) p,g € Ny, ¢ < p & r € [0,[5(p + ¢)]], (i) 7 =
{A,..., A}y e IPY9, M :=[1,p+ q]\M,,

Va € [17T]7 Aoz = {ionja}u il << ir & ia < jow
Then we define

mo:={A:Aerm & mnA<p<maxA},
mi={A:Aen & AC[l,pl}, M, =[1,p\M,,
= {A—{p}: Aer & AC[p+ Lp+all, M, = [1q\M,,
Ay ={a:ael,r] & j. <p},
Ay ={a:ael,r] & i, <p<ja}
Ay i={a:ac[l,r] & p+1<is},
ki=#(m), i=0,1,2; p':=#MN[L,p]);
¢ :=#M O [p+1p+d)).
(b) With (i), (ii) as in (a), let (iii) 7 = (71,...,7) € R". Then we define
7= (Tq ta € Ay), 1=0,1,2.
(¢) With (i), (ii), (iii) as in (a), (b), let (iv) h = (h1,..., hprq_2,) € RPT472k Then
we define h' := (hq, ..., hy), K% i= (hyi1, ooy Ryprggr)-
(d) With (i)—(iv) as in (a), (), (c), let
OPSA(T) = (t1, o s tpitpats - - s bpag)-
Then we define
h' := the subsequence of (t1,...,t,) obtained by deleting from it

all terms equal to 7, for a € Ay;
h? := the subsequence of (t,i1,...,t,+,) obtained by deleting from it
all terms equal to 7, for a € A,.

2

We shall call g, 7, m and 7°, 71, 72 and izl, h? the p, q canonical components of

m and 7 and h, respectively.
The following connections obviously obtain:
14.6. Triviality. With the notation 14.5, we have
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Homogeneous chaos 1209
(a) m ={Aa:ac A} € I}, my={Aq —{p} € Ay} € IT]
m=m UmyUma + {p}, mo, m,m2 + {p} are |;

b) r=ko+ ki + k2, k1 €10,[p/2]], k2 €[0,[q/2]];
)) = (h', h?), pta—2r=p +q;

the vector h' is made up of the components of Ty & h', i = 1,2;

(
(c
(d
(e)p—2k1=ko+p, q—2kys=ko+¢.

Guided by the example 14.4, we now assert

14.7. Decomposition lemma. Let

() p,ge Ny, qg<p, re(l,[(p+q)/2]], 7€ IPT, 7€ R & h e RPTI27;

(ii) mo, w1, ma, 70, 71, 7% & h', h? be the p,q canonical components of w, T and h,
and k; = #(m;), fori=0,1,2.

Then
O (1) == (07 (71), 07, 2 (7%)).
Proof. Let
(1) OVLI(T) i= (t, - by tprts s Eptg)-

Then we have only to show that
(I) (tlv st ’tp) = 921,}21 (Tl); (H) (tp-‘rla e p-‘rq) 71'2 h? (T2)~
Proof of (I). Let

(2) 0r, j(T1) = (51, 5p);

(3) M. :=[1,p+¢\Mz={mi,....mprq-2r}, m1 <+ < Mpig_2ri
(4) M =1L, p\My, ={n1,....np_2k, }, 11 <+ < Np_op,.
Then by 12.2 and (1), (2),

(5) Vae[l,r], ti,=1a=t;, & VBe[lL,p+q—2r], tm, =hg
(6) Vac Ay, si, =Ta=s5;, & Vyell,p—2k], s, :ﬁ#

Now let p € M,,. Then, cf. 14.6(a), 4 = i, Or p = j,, for some a € A;. Since
a € Ay, therefore by (6), s;, = 7o = sj,., Su = To. But by 14.5(a), A; C [1,7], and so
€ [1,r], and therefore by (5), t;, =7, =t;,, i.e. t, = 7. Thus s, and ¢, are equal
to the same 7,. We thus see that
(7) Ve My, s,=t,

Next, consider any u € [1,p]\M,,. By (4), u € {n, ..., np_%l}. Now the sequence
(tnys -+ stn, o, ) 18 precisely the subsequence of (t1,...,1,) that we get on deleting
from it, all terms equal to 7, for some o € A;. But this subsequence is by definition,
cf. 14. 5( ), precisely the sequence h'. Thus

(tnu--'atnpf%l) = hl = (hi7"'7hp 2k1)
(8) = (Sm,...,snpf%l), by (6

)
Since p € {n1,...,np_ox, }, therefore y = some ng. Thus by (8), 5, = s,, =1
t,,. This shows that

(9) Ve [1,p\Mz,, s, ="t
Phil. Trans. R. Soc. Lond. A (1997)
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Combining (7) and (9), we see that Vu € [1,p], s, = t,. Thus
(b eostp) = (51,00 58) = 00 (1), by (2).
Thus (I).
Proof of (IT). This is obtained by an obvious adaptation of the proof of (I). |

The decomposition lemma yields readily the factorization (#) (see 14.9(a) below).
However, the usability of this factorization rests on the structure of the vectors h',
h? revealed in 14.6(d). To exhibit the particular mix of 7° and h’ that constitute the
vector h', where i = 1,2, we shall adopt the following notation:

(14.8) (70, h] = A, [7°,h?] = k2
This notation is needed in part (b) of the next lemma.

14.9. Factorization lemma. Let (i) and (ii) be as in 14.7. Then
(a) V functions f, g on R and RY, respectively,

(f x g)iti(r,h) = f2,(r' ') - g4, (7%, %)
(b) Vf € M(B,, By) & Vg € M(By, By),

. { /R . g2, (72, [7°, h*]) |G, (de)} } te, (A7)

€ [0, 00].

Proof. (a) Let f, g be on R? and R?. Then by 12.2, the decomposition lemma and
the definition of the tensor product

(f x 9)eta(r, h) = (f x {075/ (7)} = (f x 9)(0%, i (1), 0%, j2(7))
= {07 5 (PN} g{02, ()} = 2. (RN 1) - gl (72,17,
Thus (a).

(b) Write F' := f x g. Since, cf. 14.5(b), each component 7, of 7, a € [1,7], falls
among the components of 7°, 7! 72, therefore |FP*9(-, h)| is equal to a function
G(-, -5 h):

vr e R", |FPY(r k)| = G(r', 7%, 1% h).
Since r = kg + k1 + ko, therefore by Tonelli’s theorem,

(1) / [P (7, )6, (dr) = / / G(vl,#,w;hvmb{dw,#}]eko (dr°).
R~ R*o RFE1+k2

Factoring G as per the equality in (@), and applying Tonelli’s theorem, the integrand
on the RHS(1) is seen to be

/R - |f2 (T R - g2 (72 h2) [k, a, L (T, 7))

- / { / |f3:1<n,hl>|~|ng<72,if>|zk2<dTg>}ekl(dﬁ)
RF1 RFk2

= [ i, @) [l B @),
RF1 RF2

Phil. Trans. R. Soc. Lond. A (1997)
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Substituting this expression on the RHS of (1), and substituting for ﬁl, h? from
(14.8), we get (b). [ |

The last lemma allows us to show that the criteria for F' to be in Py ¢ ., given in
14.2, are fulfilled when F' = f x g, and f € P1¢, and g € Py ¢,, and thereby to prove:

14.10. Main theorem. Letp,q € Ny, f€Pi¢, and g € Py¢, . Then
(a) fxg€Prg,, and (b) B¢, (f x g) = Ee,(f) - E¢,(9).

Proof. (a) By (14.3), F := f x g € Ly(RP"?). Hence we have only to verify the
condition in 14.2(3). Let r € [1, [(p + ¢)/2]]. We have only to show that

2
Vre [Pt J = / [ |FPYa (7, h)|e, (dT)j| Lyt q—2r (dh) < 00.
Rp+ag—2r Rr

Fix m € II?*9 and let 7, 7;, w2 be the p, ¢ canonical components of 7. Then 7; € H,fl,
my € Il . Since f € Pi¢, and g € Py ¢, we know from 14.2(3) that

2
o= [ Lo i, @] g @) < .
Rp—2kq Rk1
(1) i
Jy = pr—2k2 |:ka2 |97qrg (7—27 ’32)%@2 (de)] ly—2k, (dhz) < 0.
We shall complete the proof by showing that
(I J<LJ-Jy andso J < oo.

Proof of (I). Let 7° € R*o and [7°, hf] be as in 14.8. It then follows from 14.9(b)
that

@ #m= [ FERI @D = [ R @

r

- /Rk{ [/Rk |£2 (7 [, B |6k, (dTl):|

MR 192, (7%, [7°, B°]) | ., (de)]} by (d7°),

Squaring both sides, and using the Schwartz inequality on the RHS, we get

Q B < (1) - (),

where

(4) )= [ [ i et aie, @) b, (@)
o) o= [ [ ot Dl @] g )

Noting that p+ ¢ — 2r = p’ + ¢/, cf. 14.6(c), and using (3), we get

J = / B(h)* L1 q-2r (dh) < / Ui(hY) - o ()l {d(R', B?)},
Rp+a—2r Rp'+4q’
ie.

(6) J< [ (W) (dhh) - | aha(h?)Ly (dR?).
Rp’ Ra’
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1212 P. R. Masani
But by (4),

1(h')ey (dR')
R#’

= L AL L e m i, @) e bt

(7) = /R+ /R |f2 (7 70 R e, (AT )] oy i {A(70, B}

Now [79, k'] is the specific mix-up of the components of 7° and h' that yields h! €
RP~2%1_ Thus 3¢ € Perm(p — 2k, ), which unmixes these components, i.e. is such that

(hY)? = [7°,h']? = (70, hY).
Since Lebesgue integration is permutation invariant, it follows that we can replace

d(7°, h') by dh!® in the last integral in (7), and recalling that p’ + ko = p — 2ky, cf.
14.6(e), conclude that

2

ey @ = [ [l @) 6, (@) =i

R’ Rp—2k1

We can similarly show that

/ ¢2(h2)£q—q/ (dh?) == J2.
Ra—a’
Thus (6) reduces to the inequality (I). This establishes (a).
(b) follows from (a) and proposition 14.1. [ |

From the last result we readily get, by iteration, the generalization to any finite
number of factors:

14.11. Corollary. Let r,pi,...,p, € Ny & Vi € [1,7], fi € P1g, . Then

fl X X f?” S P1,£p1+'”+p7~ & E£P1+"'+PT (fl Xoeee X f?") = H]Egpi <fl)
i=1

A simple corollary of corollary 14.11 is the result that Wiener did not quite prove
(cf. Wiener 1938, eqn (80)):

14.12. Corollary. (Wiener’s result) Let p € N, and f € M(B,,B;) be such

that
P

Vte (tr,....t,) €RP, F)l < ] If(),
=1
where fi,..., f, € Ly(R). Then f € Pyg,.

Proof. By 14.11, f1 x --- X f, € Py¢,. Since Vt € R, |f(t)| < [(fr x --- x fo)(t)],
therefore by the domination principle (A.18), f € Pig, . |

Another interesting corollary of 14.11 is the fact that for f in P ¢ , the integral,
Ee, (f), as a random variable, possesses finite raw moments of all orders:

14.13. Corollary. Vp € N, Vf € Pi¢, & Vr € Ny, Ep(|E¢, (f)|") < oo, ie. the
absolute moments of all orders of the random variable E, (f) are finite.

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

L |
A

o
L

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

2 ¥

A Y
Iam \
P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1213

Proof. We first observe that since the L, spaces involve a probability measure,
therefore

(1) Ly C L.
Now let p € Ny, f € Pi¢,, F := E¢, (f) on Q, and r € N,. Define Vi € [1,7],
pi =p and f; = f. Then by 14.11,

(2) [ ePrg,. & F()"=[{Ee, (/)0 = [Ee, (fI() on Q.

Taking the absolute value, and integrating over €2, we get

3) Ep([Ee, (f)()I") = Ep({Ee,, (f*")}()D)-
But since by (2), f*" € Pig,,, therefore E¢, (f*") € Lo. By (1), E¢, (f*") € Ly.
Hence Ep(|Ee,, (f7)]) < o0, L.e. by (3), Ep([E¢, (f)(-)[") < oo u

14.14. Remarks. (The general Fubini theorem) Let p,q € N, & F on RP*4 be of the
form

(1) F:=) ax(fe x gr), where fr€Pre, & g€ Pig,.
k=1

Then since P ¢,,, is a Banach space and K, ,, a linear operator on Py ¢ ., to Lo, it
follows readily from theorem 4.10 that

Ee,.,(F) = arEe,(f) - Ee,(9),
k=1

ie. E¢  (F)is a sum of products of integral factors. This result can be extended to
all F' on RPT? which are limits of sums of the type (1).

However, even for the simplest case, p = ¢ = 1, the general Fubini theorem, to
wit, VF € Py g,,

) Be(r) = [ { [ Fee @) fe @

goes beyond the scope of the integration theory used in this paper. This is because
the integrand in (2), namely, the partial integral G(-) defined on R by

vVt € R, G(t) = / F(s,t)& (ds) € Lo,
R
is not scalar-valued but random-variable-valued, and consequently

RHS(2) = /R GO (d)

is undefined. The same difficulty afflicts the general slicing equality
ra(D) = | & (D", ().

We turn next to our second goal, namely, the integrability and integration with
respect to the product measure 7, X 7,. Since by proposition 11.13,

Np X Ng = Np+q T Ps

where p(-) := (prqg(-\JPT?) is given by lemma 11.17, we first attend to integrability
and integration with respect to the measure p.
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1214 P. R. Masani

14.15. Lemma. Let (i) ¢ € N, & p < ¢, and (with the notation 11.15),
(ii) VD € Dp.q,

p(D) = ZéW%[ZAWDhMHMM

7I'€Hp+q

Then
(a) F € Prp, il F € M(Bpig,B1) &

>y

Rp+a—2r

/ [FP ()0, (dt)rEerq_gT (dh) < oc;

TFEHP a

(b) VF € P1 P

n-> % |

Rp+a—2r

[/ FPra(r h)l, (dt)] Np+q—2r (dR).

P Hp+q

Proof. (a) Let D € Dy,. Then by (ii),

q
(1 pD) =3 [ KD e (),
r=1 pa=2r
where Vr € [1,¢], Vh € RPFYI2" & VD € D,y 4,
(2) K.(D,h):= Y X*D,h).
WEI%ITH—Q

But, as is easily checked, with H = L, and o = 7,, K,(-,-) satisfies the conditions in
(B.3) on D, , x RPT472" Hence on letting

(3) VD € Dpyqy  po(D) := /R L Ko (D, h)npiq—2r (dh) € Sy, s

it follows from lemma B.5(a) that each p, € CA(Dpiq, L2). Let F' € M(Bpiq, B1).
Then by theorem B.8(a),

2
4) Fep,, { / \F(8)[K, (dt, h)} Cora o (dh) < oc.
Rp+a—2r Rr+a

But by (2),

/Rm| (t)| K, (dt, h) Z /RM (£)|AE+ (dt, h)

TK'EHP+(I
= > / |FPYa(r, h)|L, (d7), by 12.9(c).
TK'EHP+(I
Thus (4) can be rewritten
2
(5) FePy, < - { > / |F2H (7, h) |6, (A7) | Lpyqor (dR) <
ﬂenp+q
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Homogeneous chaos 1215
Now from the trivial equalities for positive functions o, (-) on R",

S an(h)? < { 3 aﬂ<h>} <H)- Y an(h)?,

well mell well

it follows, since #(I) < oo, that

/H{Zaw(h)}zén(dh)<oo — Z/nan(h)zén(dhkoo.

well well

Applying this withn =p+q¢—2r, Il = ﬁzr)+q and

arh) = [ 1Rl (@),

we infer from (5) that

2

(6) FePr, <+ Z /R+ | [/R |FP (1, h) |6, (dAT)| Lptq2r (dR) < 00.

mertta
Now by (1) and (3),
q
(7) p= Z pr, and for 7 #7’, Sor CSnpigoe LS00 0 2 Sp,-
=1
It follows from A.31(b) that
FeP, <<= Vrellq, FePi,,.

Hence by (6)

q 2
rery, = S X [ | [ Ereemnie @] e @) <.
r—=1 5 p+qg—27r s

7T€H£+q

This proves (a).
(b) Let F' € Py ,. Then by (a), Vr € [1,4],

2
Lo L it @] g @) <,
Rp+a—2r Rr

o
wEHf+q

i.e. by (6), F € Py ,,. Thus, F € (\!_, P1,., and it follows from (7) that
q
(8) E,(F) =) E, (F).
r=1
But p,(-) is defined by (3). Hence by theorem B.8(b),

) E, (F) = /R . { /R K, . h)}nﬁqgr (dh).

Next, from (4) it follows that for £,;, o, almost all h € RPTI™2" F € L; gk (.pn),
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1216 P. R. Masant
whence by (2), F' € L, yo+a(., for each m € JOY’T’+q. Hence by (2) and 12.9(c),

/R p+qF(t)Kr(dt,h): > /R p+qF(t))\§’rq(dt,h)

wEI%erq
- Z / FPra(r h)e, (dr).
wEI%erq

Thus the equality (9) reduces to

W Bur= [ Y [ e @) g @)
Rp+a—2r N T
WEH£+q
Combining (8) and (10), we get (b). [ |

With the last lemma in place, it is easy to demarcate both Py, »,, and E, .., .
We have

14.16. Proposition. Let p,q € N, & g < p. Then
(a) F € Py, xn, f F € Ly(RPTY) &

q
; ZO: /]Rp+q2r

TrGHEJrq

(b) VF 6 Plvnpan’

Eppsn, (F) = By, ., (F) +i > /R { /R RaalCGE (dT)} Nptq2r ().

= o
WEH£+Q

2
[ (df)] £y gan (dB) < 5.
RT

Proof. By 11.13, we have

(1) Mp X Mg = Tp+q T P,
where

VD € D,, p(D) = Cp-&-q(D\JiDJrq) € S¢yppqy L Sy

It follows from A.31(b) that
Fepl,npan <~ FE'PL%Jrq & FGPLP
<~ F e LQ(RP+q) & Fe Pl,pv

p+q”

i.e. by 14.15(a),

FePiyxn = FeLRM)&
2

q
S % [ L iEeenie @] e @ <o
= A Jreee LUre

- wen?Te

Thus (a).
(b) Next, for F' € Py, .

Eypsn,(F) = g, (F) + E,(F), by (1).
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Homogeneous chaos 1217

Substituting the value of E,(F'), given by 14.15(b), we get (b). [

An especially useful application of proposition 14.16 is to the case where F' is a
tensor product of p + ¢ functions, each in Ly(R). We have:

14.17. Corollary. Let p,q € Ny, ¢ <p & é1,...,¢p+q € La(R). Then

(a) p+q
k>:<1 B € Py xns
(0)
P p+q
Ew( X o) (X, 0)
<>+<¢k> 2_) Z [{H ¢mim,¢mxﬂ>} ( X %)]

Aem

TE

Proof. (a) It is easier to prove (a) directly rather than to deduce it from 14.16(a).
Since by proposition 11.13,

(1) Mp X Mg = Tptq + P, p() = £p+q(’\‘]f+q)a
we need only show, cf. A.30(b), that

pta p+q
(I k>_<1 or € Py, & k>_<1 i € P1p.

Proof of (I). Since each ¢y € Lo(R), the classical Tonelli theorem shows that
ptq

k>_<1 € Ly(RPT) =Py, .

Next, since each ¢5, = Lo(R) = Pg,, therefore by corollary 14.11,
ptq

(2) Fi= k>—<1 bk € Pre,y,, le |F|17§p+q < 00.

But by (1) and 9.13(h), Va' € (L) & YA € By,

|70 pl(A) = |20 Cp+q|(A\Jf+q) < ' 0 Gpigl(A) < 2" 0 &gl (A).
It follows that |F|y, < |Fli¢,., < 00, by (2), i.e. F € Py ,. Thus (I) is established
and (a) proved.

(b) Write @ := X}_, ¢i, ¥ := Xp+q+1 ¢;j. Then by the classical Tonelli theorem,
D e Ly(RP) =Py, & e Ly(RY)="P,,.
Hence by (a), the Fubini proposition 14.1 and proposition 14.16(b),
LHS(b) := E,,(2) .E"]q(w) =Ey,xn, (@ x ¥) =Ep »y, (F)

I NG V|

Rp+ag—2r
EHP q

/ FPY(7 h)e, (A7) [ Npsq—2r (dR).
Rr
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1218 P. R. Masani
But F := X?*% ¢, and hence by 12.20(b), Vx € IIPT9 & Vh € RPT9-2r,

/RT FRr(r, h)e, (dr) = H(¢mmA,¢>maxA ( X ¢m>

Aen meM!
Substituting from this on the RHS of (3), and observing that [] ., (¢min a; Pmax )
is independent of h, we get the equality in (b). |

A simple but important consequence of the last corollary pertains to the tensor
product of two tensor products, such that the component functions of one are or-
thogonal to those of the other. This result, which is a useful lemma, reads as follows:

14.18. Lemma. Let (1) p,q € N-‘r & q < b, (11) fla"'afp &gla'-‘vgq € LZ(R) &
Vie[l,p] &Vjell,ql, fi L g;. Then

nm( >< fi % >_q<lgj> —Enp< £<1 fi) 'Enq<j>_q<19j>‘

Proof. Let

fk if k € [17])}7

Vkel[l,p+ql, o = .
[ ] ¥ gi—p k€ p+1,p+q|.

fTheH ;in,.. -izlqblp;(%)e L>(R) and hence E,, (X} _; ¢x)-E (X£+p+q ¢1.) is given by the
ormula in

Now let r € [1, q]andﬂeﬂpﬂ ThenVA—{Zj}ETF 1<i<p
=0.1

and therefore by (i), ¢; := fi L g;j—p =: ¢;, i.e. ((bmmA,(;SmaxA)
the second term on the RHS of 14.17(6) vanishes, and therefore

1) E(X¢) <X¢) —(qu)

In (1), ¢; = f; and ¢, = gr—p. Hence, writing j := k — p, (1) reduces to the desired
equality. |

<j<p+tg
It fo lows that

Since the functions gy, . .., g, in lemma 14.18, apart from being in Ly(R) and being
orthogonal to the f, are arbitrary, we may consider the special case in which they
break up into two groups that are themselves orthogonal. Then by the last lemma,
Enq(Xj-:l g;) will itself factor into a product of two integrals, say

q2

77611 < >< gk) : Naq ( >< gJ> Whel‘e q1 —+ g2 = (.

k=q1+1

The substitution of this on the RHS of 14.17, will yield a factorization of the LHS of
14.17 into three fractors. This process can be repeated any finite number of times.
We thus arrive at the following important theorem:

14.19. Theorem. (Tensor product of orthogonal blocks) Let (i) n € N,
(i) Vi€ [1,n], p; e Ny & Vje[L,pl, fij € Lo(R),
(111) VZ, i/ S [1,n] > Z # i,, {fi,la ey fl,pl} J_ {fi’,lv ey fi/7pi,}.
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Homogeneous chaos 1219

Then

E”P1+"‘+Pn< >< >< fu) = EEWM < j>:<1 fi,j).

i=1 ]_

Proof. By 14.18 the equality holds for n = 2. Assume that it holds for n and define
¢r for Vk € [1,p1 + -+ + py] as follows

for k S [17p1]) ¢k = fl,ka
Eelpr+1pi+pa, or= forps
kelpi+p2+ 1,01 +p2+ps], Ok = fak—(pr4pe)s

and so on, and let

p1t+-+pn Pn+1
(1) b= b & W= X fui
k=1 j=1
Then
n Pi P1t-+Pn+1
o=X X, & X g=dxw
i=1 j=1 k=1
Hence
Pit+Pnt1
IE77pl+”'+1f’n+1 < lc>:<1 ¢k) = En<P1+"'+Pn)+Pn+1 <¢ X W)
=K, . . (9) -]E,?p L (¥) Dby l418,as @ L @
Pn+1
= E"’P1+-~+pn< ><1 >< fz J> 'flp+1< ><1 fn-‘rl,j)
=1 j=1 j=

Pn41

np1< >< fz]) 7]p+1< >:<1 fn—&-l,j)

e (%)

(2) by the inductive assumption. Thus the equality holds for n + 1. [ |

—~
)
~
I
*;:13

N
Il
_

|
3
+
—

From this powerful theorem, the following important theorem of K. Ito follows at
once:

14.20. Theorem. (Ito 1951) Let n € N, & fi,...,fn € L2(R) be mutually
orthogonal. Then Vp,...,p, € Ny,

77p1+ +p“{ >< fxpl} - HE”M {fZXpl}
=1

Proof. Let Vi € [1,n] and Vj € [1,p], fij := fi- Then the f; ; satisfy the premises
of 14.19, and of course each >< *, fij = f77". Hence the equality in 14.19 reduces to
the one enunciated. ]
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1220 P. R. Masani

The set-theoretic analogue of Ito’s theorem, also very important, emerges as an
immediate corollary:

14.21. Corollary. (Ito’s theorem for sets) Let n € N, & Ay,..., A, € D; be
mutually disjoint. Then Vpy,...,p, € N4,

Mosootn (AT X oo 5 AR) = mp, (AT) -y, (AR).

Proof. Let Vi € [1,n], f; = xa,- Then f; € Ly(R), and since A;||A;, therefore
fi L f;. Hence the equality of theorem 14.20 holds. But this equality reduces to that
in 14.21, since for Vi, j € [1,n],

n n
fixpi = (XAi)Xpi = XAf7 & ><1 fixpi = ><1 XA:” = XAfix...xAﬁ"'
1= 1=

15. The inversion formulae

Let p € N; and D € D,,. Our objective is to show that the inversion of the formula
in 11.10, namely,

[p/2]
M D)= [ Dy ah),
k=0 /RP—2*
takes the form
[p/2]
@) (D)= 3 [ DR (ah)
k=0 P2k
and that the inversion of the integral formula in 13.12, namely,
[p/2]
(1) Ee,(f) = By, (D),
k=0
takes the form
[p/2]
(2') E,, (f) =Y (=1)"Ee, . (f]).
k=0

The formula (2') was worked out in essence for the cases p = 2,3 by Wiener (1958,
pp. 28-36).

Since 74 (D, -) is a bounded measurable function on RP~2* with support in Dp—ok,
cf. 4.16(d), it follows from (A.19) that v.(D,-) € Pi¢,_,,., and the integrals in (2)
exist. Thus the expansion (2) is meaningful. It may be viewed as a vectorial extension
of the standard expansion of the pth Hermite polynomial in the Kakutani format:

[p/2]
p _
(3) Hy(u,0) = kz_:o(_mk(%)a%akup *k  weR & o€R,, cf 16.2.
Indeed the RHSs of (2) and (3) match, upon taking D = AP, u = & (A) and 0 =
|€1(A)|?, cf. 16.3(c) below.
Since, cf. 9.6, 1,(D) = Proj(§,(D)|S¢; ,), the formula (2) may also be viewed
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Homogeneous chaos 1221

as the outcome of a Gram—Schmidt process applied to the sequence of measures
{€0,&2,&4, ...} or {&1,&3,&5, ...} in which integral signs rather than the usual sigmas
appear. Such a process can be carried out for small p, such as 2, 3, 4, and for
sets D, which are intervals, by adopting Wiener’s approach to find the functional
counterparts of 7,(+), namely G, {K(:)} (cf. Wiener 1958, pp. 28-36).

The inversion (2) is, however, very difficult to prove in full generality. It is a
fundamental fact that VP € P,, n,(P) has to be a linear combination of the &, o
measures of the p — 2k dimensional faces of P, for k € [0, [p/2]]; we have:

15.1. Proposition. Let p € Ny & P € P,. Then Vk € [0,[p/2]], VM C [1,p] >
#M = 2k, Fe(P, M) € R such that

[p/2]
np(p)_z{ > c(P,M)gp_gk(PM/)}, where M’ := [1,p]\M.

k=0 MC[1,p]
#M=2k

This result, in the form
Mp(P) € (§p—2(Prrr) < k € [0,[1,p/2]], M C [1,p] & #M = 2k),

where (S) stands for the linear manifold spanned by S, can be proved by induction.
It is of small use unless accompanied by a statement of the coefficients c¢(P, M).
Inspection with small p clearly indicates that VM C [1, p] with #M = 2k, ¢(P, M) =
(—1)k ZWeH: a?(P), where a?(P) are the very coefficients defined in (3.11). One is

thus led to conjecture (correctly, it turns out) that in general,

[p/2]
@ e &vPer, n(r)= Y 0 T P uru)}

k=0 71'617:

Attempts at a direct proof of (4) get bogged down in a combinatoric quagmire,
however. We shall therefore follow an alternative, more general, approach suggested
by the following considerations.

Our task is to invert the infinite triangular system of integral equations, the pth
equation of which is (1). Thus our problem falls in the arena of so-called Mdbius
inversion (cf. Gian-Carlo Rota 1964). The validity of the equation (2) for small
p gives us the valuable hint that the solution has the same integrands but with
alternating signs. The task is analogous to that of inverting an infinite triangular
matrix [a;;] and showing that [a;;]~* = [(—1)""7a;;]. For the last equality to prevail,
the a;; must satisfy an infinite number of recurrence relations such as

2042 = Q43 - A32, 2051 = A52 - A21 — 53 * A31 + A54 * A1y - - -

In our problem, inspection with small p clearly suggests that the recurrence relations
that ought to govern the canonical coefficients 4 (-, -) are:

k _oj _
o (pron= [ pworPan. pep,  ner
for 0 < j < k < [p/2]. With their aid it becomes possible to prove the general formula
(2). The formula (4) then follows as a special case of (2) and this in turn establishes
the proposition 15.1.

We proceed to establish (5). Almost all the difficult combinatorial questions that
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arise in the proof can be reduced to questions about a certain division operation
A|B defined for sets of positive integers when A C B, and about the relationships
between the classes of partitions IIg\ 4 and II g\ a)|3, when B\ A has even cardinality.
To avoid a digression, this purely combinatorial study is relegated to Appendix C.
This the reader should now consult, since extensive use is made of it.

The following fundamental recurrence relation governing the canonical coefficients
AP (-, h) of 4.13 is an essential stepping stone on the way to the recurrence (5) gov-
erning the coefficients ~; (-, h).

15.2. Lemma. (Recurrence equation for \?(D,h)) Let
HpeNL &1<j<k<[p/2],
(i) m € II}, mp € II{_; be such that My, C [1,p|\M,, =: M},
(iii) 7 := the canonical M,|M associate of wy (cf. C.7).
Then (a) m Umy € [P, 7y € P77 & My, = My, | M. ;
(b) VD € D, & Vh € RP=2F

X (D) = / X2 (DN (dt, h).
Rr—2j

Proof. (a) Obviously by (ii), 7 Um, € II)). Next by C.2, M, |M; C [1,#(M, )] =
[1,p — 2j]. Hence, cf. C.7 and Note, 75 € H,f__jzj & Mx, = My, |M, . Thus (a).
(b) Grant momentarily that

(I) the equality in (b) holds for all D € P,

and let for 71, 7, as in (ii) and for fixed h € RP—2k,

w(D) ==\

m1Ume

(D,h) & wv(D) :—/RZ_Af’rl(D,t))\i’rz_Qj(dt,h), D € D,.

Then by 4.15(a), p € CA(D,,Ro;) & X2 % (-,h) € CA(D,_;,Roy). Therefore by
B.1(a), v € CA(D,,Ro+). Moreover by (I), 4 = v on P,. Hence by the identity
principle A.8, u = v on é-ring (P,) = D,. Thus it only remains to justify (I).

Proof of (I). Let P € P, and h € RP~?*. Since m, € II, therefore by (4.19),
(1) VEERPTH, N (Pt) = ({P(m)}xp,, (1)
Now #M, = p—2j. Hence

(2) .P]\/[7/rl = >< PiE’Pp_gj.

ieMy,
Next, since by (a), T € H,f:fj & #Mz, = 2#75 = 2(k — j), therefore

(3) #{[L.p = 2j\Mz,} = (p — 2j) = 2(k — j) = p — 2k.
By (2), (3) and 4.13, the symbol \57*(Py, ,h) is well defined. Hence by (1),

/ e (PN (dt, h) = / P(m) xp,, (ONEZY (dt, h)
Rp—2i Rp—2j ™1
(4) — (PRI (Par, ).
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Homogeneous chaos 1223

Now grant momentarily that

(1) N (Pag 1) = s P2, (B),
Then
RHS(4) = G{P(r)} -l (P(ra)lxr,,,  (0) = 6{P(m) x Plra)bxe,, ()

= 0 {P(m Uma)xry, ()= X2, (P ).

Substituting in (4) we get the desired equality. This completes the proof of (I) and
establishes (b) but for the justification of (IT).
Proof of (II). By (2), (3) and (1),

() Moy 2 (Pagg, o h) = e [(Pary, )@2)X P, aay, (),
where by (a) and C.2(b),
Mz, = [1,p = 2j\Mz, = [1, #M; \(Mr, | My, ) = (M7 \ Mz, )| My,
Now trivially
M \Mz, = ([1, p\Mz, )\ Mz, = [1, p]\(Mx, U Mr,)
= [Lp\Mz,um, = M,

iU *
Thus M, = M; | M., and therefore by C.3,

T1UTo
(Pary, Jarg, = (Parg Darg, vz, = Py

We also note that by C.8(b), (Pay )(T2) = P(m2). Substituting these values in (5),

we get (II). [ |

Getting the corresponding integral equation for the coefficients 47 from the one

just obtained for the AP ., is a matter of complicated combinatorics, requiring an
appeal to the summation lemma C.5 in Appendix C. We have:

15.3. Theorem. Let p € Ny and 0 < j < k < [p/2]. Then VD € D,, and Vh €
Rp—2k7

(I;) (D k) = / ¥ (D, )3 (dt, h).

Rr—2j

Proof. Let D € D, and h € RP=2*_ For j = 0, we have 75 (D,h) = xp(h), cf. 4.13
Note, whence the equality follows trivially. For j = k, again ﬁ:]z.j (Ah) = xa(h) =
my(A), where my, is the unit mass carried at h. The RHS of the equality reduces to
75(D,h) as does the LHS. Thus the result is again trivial.

Let 1 < j <k < [p/2]. To deal with the LHS of the enunciated equality, let

Vre Il &VJ C[Lk], n;:={A;: A, en&iclJ}.
Then with J' := [1, k]\J, we have
(1) Veelll & VJCI[LEK], wm;Uny=m.
Now define
2) ¥y = {(my,mp): Ime I3 C LK & #T =5} = | | {(ms,m0)}

P JgC
meny I
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We assert that

k
(I) VvDeD, & VYheRP 2 > N (D)= <j>7£(D,h).

(W1772)Enﬁk

Proof of (I). Let D € D, & h € RP~2¢. Then by (2),

LHSM = > > A ., (D,h)

rEIP JCILE]
#JI=j

SN =Y Y wD.h) by (1),

Trer 1c[1 k] T#%JD:;C] weH]f
P k p
JC[1,k] J
#JI=j

Thus (I).
To deal with the RHS of the enunciated equality, we assert first that

given L C [1,p], #L =2j & L' :=[1,p]\L, VA € Dj_; & Vh € RP—2k,

(In) WA= Y > AT (AR,
Lil\]\//llcglkp] wEllpN\ L

where 7 is the M;|L’ associate of m € Iy, cf. C.7.

Proof of (I). Let A € Dy_; and h € RP2*. Since p — 2k = (p — 2j) — 2(k —
therefore

WF(AR) = > NTH(AR = Y > ATH(AR) by 1.16(d),
mely=y Fnlap 2 melly

= Z g(N), where g(N):= Z)\Q_Qj(Avh)y

NC[1,p—25] welln
#N=2(k—j)
= Z g{(M\L)|L"} by lemma C.5,
LEMC[1p]
#M=2k

- Y Y wean
L%&]]\V/[IE[;);F] ‘n'EH(M\L)lL/
But by C.8(a), Ian )y = {7 : m € Iy }. Hence

WE(AR) = D D XA,

LCMC[Lp) w€lpn g,
#M=2k

Thus (II).

Now let D € Dy, t € RF~2, A € D,_5; & h € RP72*. Then by 4.13 and (II), in
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which we take L = M, and replace M by N for notational clarity,

VDR (AR = Y M (D) Y Yo AT

71'16]7;) Mz, CNCI1,p] T{'QGHN\Mﬂ_l
#N=2k

- Z > > XD (A, D).

‘[TIEHp Mgm) CNC[1,p] ‘II'QGIYN\]\/[,’r
#N=2k 1

From this it follows that

/ WD P @)=Y Y > / (D, )\, ¥ (dt, h)
Rp—2i Rr—23

mEH" My CNCILp) w2 €TIN\ Ay,
bN—2k

(3) =2 > Y. Mum(Dih),

w1 €Y My CNCILp) w2 €TIN\ar,
#N=2k 1

by lemma 15.2, which is appliable since 72 € IIn\ur,, , and therefore my € Il;,_; &
M-, ||M7r1'

Comparing the LHS(I) and the RHS(3), we see that to complete the proof we need
only show that for any numerical function f on II?

J.k?
E 7T177Tz E g E f(77177T2)7
(m1,m2)€ITY m €I My CNCILP] Mo €MIN\ ar,
7 #N=2k

which would of course follow, provided that
(117) ka = {(my,m) : M1 € Hf & 3N > M,, €N C1,p]
& #N =2k & Ty € HN\M‘NI}'

We shall complete the proof by establishing (IIT).

Proof of (II). Let (m;, 7y ) € IIf). Then by (2), m € I}, J C [1,k] & #J = j.

Now define

N = M_, mi=ny; & moi=myp.
Then since #J = j, therefore 7, € II}". Since by (1) 7 = m; U, therefore M, C
M, = N C [1,k] and My, = M;\M;, = N\Mg,, i.e. m € lIy\nr,, - Thus (m,m) €
RHS(III).

Next, let (m,m) € RHS(III). Then M., C N & M., = N\M,,. Therefore
H#Mr, = #N — # My, =2k — 2j = 2(k — j) and so 3 € II}_;. Define 7 := m U m.
Then since M, ||M,,, therefore m||mo. Hence #m = #m + #772 =j+k—7=k,ie.
me Il Let m = {Aq,..., Ay} and define J := {i : A, € m}. Then #J = #m = j.
And

WJ::{AiZZ.EJ&AiEW}:Wl
&y ={A:ieJ & A en}={A;: A, e m\m} =m.
Thus (71, ™) = (7y, 7)) € II};.. Thus (III). [ |

From theorem 15.3 we can deduce the inversion formula (2). However, it is more
economical to establish the inversion (2’) first, and to get (2) from it as a special case.
To establish (2’), however, it is necessary to get a connecting formula for functional
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marginalization (§12) akin to that for the canonical coefficients given in theorem
15.3. The required formula is easily revealed by reframing 15.3 in terms of indicator
functions. But the proof, while considerably simpler than that of 15.3, is not entirely
obvious, and as with other justifications of the heuristic rule 12.8 calls for an appeal
to Appendix B.

15.4. Lemma. Letp e N, & 0<j<k<[p/2]. ThenVf € Py,
fie Mi:?j & (ff)i:?j = (f) f2, a.e. £, o, on RP™?* cf. definition 12.11(c).
Proof. Since (p — 2j) — 2(k — j) = p — 2k, therefore by 4.16(a),
(1) Vh e R, () := WZ:?j('y h) € CA(Dy-2j,Roy).

Let D € D,. Then by 4.16(b), 77 (D, -) is measurable, bounded and boundedly sup-
ported on RP~2/. Hence

{ VD € D,, A2(D,:) € L1, (")

2 :
@ & Vs eRP2, 47(-,5) € CA(Dy, Roy).

It follows from (1) and B.9(a) that the measure py(-) satisfies the conditions on the
measure o imposed in (B.2) with H = R, and from (2) that the kernel 77(-,-) on
D, x RP~% satisfies those imposed in (B.3). Hence on letting
3)  VheRF & VDeD,  pu(D)i= / 22(D, 8)pan (ds),

Rp—2j

we see from theorem B.8 that Yh € RP2F,

Vfe Ly, ()= N F@OF () € Layy = Ly pp-s

¢ B () =B ()= [ FGIED @sih) = GDET ()
(¥
Next we appeal to 15.3: Vh € RP=2% & VD € D,
_9j k
) D)= [ st s = (5)azo.m.

By (5), L1y, = L1 yp(.ny and B, = (5)E,p (). Hence (4) can be rewritten
Vfe Ly v (ny, QKRS Ll,'y;’:?j(A,h) &

©) |
(PR (h) = By (F) = (f) E.om(f).

Now let f € Py¢,. Then by theorem 13.12, Vk € [1,[p/2]], f € MJ, and so by
definition 12.11(b),

(7) VEk € [1,[p/2]], H}(f) = a carrier of £,_o.
Now fix k € [1,[p/2]], and let h € H}(f). Then by 12.11(a), f € L ,»(. n). Hence
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Homogeneous chaos 1227

by (6), ff € Ly jp=2i(.p, i-e. by 12.11(a), h € HPZ2(f7). Thus HY(f) € HEZ(f7).

Hence by (7),
HY~ 23(]‘”) = a carrier of £,_oy, i.e. of £(,_0j)_o2(k—j)-

Thus by 12.11(b),
(8) fre My,

Next, since h € Hy(f), therefore by 12.11(c), E,»(. 4 (f) = f{(h), and thus the
equality in (6) reduces to

(9) (P12 (h) = (’;)fﬂm, he HI(f).

Since H(f) is a carrier of £,_o, (8) and (9) finish the proof. |

When we add the equations in theorem 15.4 with alternating signs, we get expres-
sions reminiscent of those for the Euler characteristic of polytopes in RP:

15.5. Corollary. Letp e N, k€ [1,[p/2]]. Then Vf € P1¢,, and £,_s;, almost all

h € RP—2k, L
(@ S AP ) = o
o) (AP = {1+ (-1 L),

Proof. (a) Let f € Py¢,. Then by 15.4, we have a.e. £,_o, on RP~2¥,

scoan =S = {Se ()=

j= =0
(b) We proceed as in (a), and note that Z (= )J“( ) =14 (=1)" [ ]

These Euler-type equations are crucial in proving the initial inversion formula (2')
to which we now turn. Note that the formula (2') will not hold for all f € Py, .
For, cf. 13.3, we may have f € Pi, \Pi¢,, and for such an f, the k& = 0 term in
(2'), namely, E¢ (ff) = E¢, (f), does not make sense. Thus the premise in 15.6 that
f € P1¢, cannot be relaxed.

15.6. Theorem. (Inversion formula for E, ) Let pc N, & f € Py, . Then

(a) Vielop/2l,  feMi & [ E€Pig, .
[p/2]
(b) E,,(f) =Y (-1)*E¢, .. (f}).
k=0
Proof. (a) Let j € [0, [p/2]], and grant momentarily that
@ (@ [fOleM; &  (B)  |ff €Pre s,
By (I)(a) and 12.13(b), f € MY} and by 12.14(b), IN; € Ny, _,, such that
(1) FFOI<IEC) on RFTHAN.

By (1), (I)(3) and the domination principle (A.18), f7 € P1¢,_,,. Thus we have (a),
once (I) is justified.
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Proof of (I)(a). Write ¢ := p — 2j. Then since, cf. (A.11), F(-) := [f(-)] € Pug,,

therefore by 13.12,

(2) FeM; & G:=FecP

Thus (I)(«) is proved.
Proof of (I)(8). We have to show that G € Py ¢,. Hence by 13.12, we need only
show that

(*) Vi € [1, [Q/2H7 G(zl € ,Pl,anzi'
Let i € [1,[q/2]] & k :=i + j. Then obviously, since ¢ := p — 25,

= ’Plﬂq'

Mp—2j

i<j<k=j+i<j+lg/A=j+Ep-il<i+sp—Ji=3p
and since k € N, we conclude that 1 < j < k < [p/2]. Hence by definition (2) of G
and the last lemma,

(3) Gl=Gi_, = (FWY = (’;) - FY.

But since F' € Py ¢,, therefore by 13.12, F’ € Py, _,, . Hence by (3), G € P1,, .,
But, p =2k =p—2(i+j) = (p — 2j) — 20 = ¢ — 2i. Thus G} € Py ,_,,, i.e. we have
(*). This proves (I)(), and finishes the proof of (a).

(b) Since by (a), Vk € [0, [p/2]], f € Pie,_,., therefore by 13.12,

[(p—2k)/2]
—2k
Efp—% (flf) = Z Enp—2k—2i{(f]f)lp }
i=0
[p/2]
(1) = ZEW AUDIZEY, putting j =k + .
Hence
[p/2] [p/2] [p/2]
2k
S = Z( )k]Eép 2k(fk Z Z]Enp 2j ;D }
k=0 k=0

Changing the order of summation and bringing out the integral operator, we get

[p/2] J [p/2] k
() 5= ZEM[Zw ] - ZEM{Z DY),

k=0 7=0

on interchanging the dummy variables j, k. Breaking the summation into £ = 0 and

L;):/?], and noting that by 15.5(a), the last summation for k& > 1 vanishes a.e. £,

on RP~2* we see from (2) that
S =E, (-1°UD =E, (), cf. 1214(),
i.e. we have (b). [ |
The inversion formula (1) follows as an easy corollary of the last theorem:

15.7. Inversion theorem. Letp € Ny. Then VD € D,,

[p/2] .
WD) = 31 [ R0 (1)

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

= Y

A

<
]

NI
olm
~ =
k= Q)
O
= uwv

PHILOSOPHICAL
TRANSACTIONS

A

4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

—%

OF

A

A

OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1229

Proof. Let D € D,. Then xp € Py ¢,. Hence by theorem 15.6,

[p/2]
(1) E,,(xp) = Y (-1)"E¢, ., {(xn)}}-

k=0

Since, by 12.14(d), (xp)i(-) = v1(D,-), therefore (1) reduces to the desired formula.
]

16. Symmetric intervals, symmetric functional tensor products,
and the Hermite expansion

Our first concern is with intervals of the form AP, where A€ D. These intervals
are more than just hypercubes, i.e. intervals X?_, P* having edges P’ of the same
length: the edges themselves are equal. It is a triviality, cf. 1.40(b), that

(16.1) PePy™ <+ dJAeD >P=A"

The nexus between the 1, and &, measures of symmetric intervals and the Hermite
polynomials in the Katutani format:'?

VpeNy, VoeR, & VueR,
(16.2) le/2] B
H,(u,0) = Z(_l)k<2pk) oot uP 2k,
k=0
is clear from the next lemma, parts (b), (c):

16.3. Lemma. Letp e N, & k€ [1,[p/2]]. Then
(a) VA € D; & Vh € RP=2F,

AP(AP ) = (fk) o {1 (A) Y x s ()
(b) YA € Dy, (A7) = H,{&,(4), (A}
(c) VA € Dy,
[p/2]

(1) = 3 (3 )aastu(A") Hy-ac 1 (), 4 ().

k=0

Proof. Let A € D; & h € RP~2*_ Then by 6.17,

) st = (1 Jaa, (47,1,
and by (4.19),

(0. = 6] X A2() [y ()
ETg

But obviously A?(A) = A and (AP)jgk 41,5 = AP72F. Hence A2 (AP, h) = {{1(A)}" x

X ar—2r(h), and (1) reduces to the equality in (a).

12 Actually the Hp(p, o) defined in (16.2) is /p! times the polynomial in Katutani’s paper, cf. (1950,
p. 321, (14)).
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(b) Let A € Dy & k € [1,[p/2]]. Integrating the equality in (a) with respect to
&p—ok, We get

P(AP _ (P p—2
/Rp% Y (AP h)Ep—ar, (dh) = <2k)a2k£1(A)k{£1(A)} k.

whence by theorem 15.7 and (16.2),

[p/2]
W) = Y (0F [ AR (dh) = Hy{6a(4), ().
o Rp—2k
Thus (b).
(¢) We now appeal to corollary 11.10(a):
[p/2]
G =3 [ A D )
[p/2] P
> (g1 )t mna ) by (@)
2

|
™

S

(42 ) w4 e () (0} by @)

k=0
]

Turning to integration, the result on tensor powers that correspond to 16.3(b) on
sets, reads as follows:

16.4. Theorem. Let f € Lo(R). Then
VpENy,  fPELR) & E, () =H{Eeq,(f), 3.}

Proof. That f*? € Ly(RP) follows easily from Fubini’s theorem. To turn to the
equality, let p € N and recall that by 12.21(c), Vk € [0, [p/2] & Vh € RP—2k,

(PO = (5 Jows - 115, - 00,

Hence by theorem 15.6(b),

[p/2]
En, (177) = > (=1)*Ee, . [(f*")})

k=0
[p/2]

= S (0F( g Joas 5 e 0]

k=0
[p/2] P

= Z(fl)]C (Qk:) a2k|f|§f€e1 {Ee, (£)}72, by corollary 14.11
k=0

=: Hp{Egl (f)a |f|§,€1}'
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Homogeneous chaos 1231

On combining this theorem with Ito’s factorization theorem 14.20, we get imme-
diately Ito’s second important theorem:

16.5. Corollary. (Ito 1951, theorem 3.1) Let f1,...,f, € La(R) be L. Then
vpl)“'apn € N-i-’

E<><f) H o B (12

Proof. By 14.20 and 16.4, we have

LHS = [[ E,,, (f7**) = RHS.
i=1

An obvious special case of this, easily proved by taking f; = xp, and noting that
m = &, is the following set theoretic analogue of 16.5:

16.6. Corollary. Let Dq,...,D, € Dy be H Then Vp1,...,pn € Ny,
np1+---+pn( >< pr) = 77p1+ +pn< ’ Xpb) HH {51 gl(D )}

16.7. Corollary. (Kakutani 1950, theorem 1) For all p € Ny, 3 a subspace
M, C L5 such that

:ZM;ZH MpJ—qu p;&q’

and 3 an isometry W, on M,, onto L™ (RP). Moreover, cf. (1950, p. 322, (17), (18)),
Vn € Ny, VY||D1,...,D, € Dy & Vp1,...,p, € Ny such that py + -+ + p, = p, we
have

{H pd1(Dy), b ( i)}} = V7! >§ X
Proof. Define M), := S, & W, := /p! E;pl. Then by (9.20) and 9.8(¢),

=Y M, & M, LM, p#aq

p=0
Also by (10.7),
= ((1/v/p)E,,)"" is an isometry on S, , i.e. on M,, onto L3 (RP).
Finally by the last corollary 16.6,

{H pl&(D (Di)}} VP'E, {H i A&1(Ds) fl(Di)}}_\/p!g P
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1232 P. R. Masani

Note. Kakutani’s theorem 1 (1950) also asserts that U;(M,,) = M,,, where (U, t €
R) is the unitary group acting over Ls, induced by the P-measure preserving flow of
Brownian motion over 2. This is easy to show in the context of this paper, the crux
being the equality

U{&D)y=6{D+(t,...,t)}, DeD, teR & (t...,t)eR?,
which we can prove. Obviously this equality also holds for n,, and shows that
Ut(snp) - S,,]p.

Introducing the abbreviations:

(168) Vp € N0+ & Vf € L2(R)’ hP(f) = HP{E§1 (f)’ |f|2,41}’
the equality in 16.4 can be paraphrased as:

(16.9) Ve Ly(R) & VpeNy, E,, (f*?) = hy(f).
Also the equality in 16.5 can be written:

V orthogonal sets {fi, .. fp} CLyR ) & Vp1,...,pn € Ny,
Enm“m( >§ ff”‘) thl fi)-

So far in this paper no orthonormal (0.n.) or other basis has been used, our treat-
ment being coordinate free. We now proceed to show that each o.n. basis in Ly(R)
induces, via the Hermite polynomlals an o.n. basis in &, , for each p € N, and
thereby induces an o.n. basis in £5 itself. This will allow us to deduce from our
previously proved results an important theorem first proved by Cameron & Martin
(1947, theorem 1).

Since Vf1,..., fps 91, -, 9p € La(R), we obviously have

(16.10)

p

(fl X oee X fp)gl XX g;U)Lz(Rp) = H(fk’gk>L2(R)'
k=1

we immediately infer the following;:

16.11. Triviality. Let (f,):>, be an o.n. basis for Ly(R). Then Vp € N,
((fer % =o- X fr, : (k1,..., k) € NG, ) is an o.n. basis for Ly(RP)).

As to the symmetrization of this basis, it is easily checked that with the f, as in

16.11, we have
V(klv"wkp) & (jlv'”ajp)ENg-i-?
(16.12) either (fr, x -+ x fi,)” = (fj, x - x fj,)”
or (fe, X o+ X fi,)” L (fi X -0 x f5,)7

Also
(16'13) v(klr""kp) EN&_, |<fk1 Xoeee kap)~|§,£p :1/]?!.
The upshot of (16.12) and (16.13) and of the fact that for f =3, ;c;g;, we have
f=232,c7¢3j is the following lemma:
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Homogeneous chaos 1233
16.14. Lemma. Let (f)2, be an o.n. basis for L(R) and p € N;. Then
(VP! fry ¥ - X fr,)” : (k1,... kp) € NG, ) is an o.n. basis for L7™ (RP).

This basis yields via the isometry (1/1/p!)E, an o.n. basis for S, . To exhibit this
basis conveniently, we shall adopt the following abbreviations:

(@) YreNy, [r]:={01,--sJr)  J1s---dr ENoy & j1 < -+ <4}
(1615) (b) vrvp € N-i-) {r}p = {(ph s apr> ‘D1,---,Dr € N+
&pit--+p=p}
The theorem in question then reads:

16.16. Theorem. Letp € N, and (fx)i>, be an o.n. basis for Ly(R). Then

(Tt ()57 € (108 Groeoond) € 1 & () € (0, )

a=1
is an o.n. basis for S,,p.

Proof. By (10.7), (1//p)E,, is an isometry on L3™(R?) onto S, . Hence from
lemma 16.14,

(1) (\/1])!153% WP (i X+ fi,) ]t (K, ..o k) € N§+) is an o.n. basis for S, .

Now the kq,...,k, in (1) need not be distinct. Let

(2) Range(ki,...,ky) = {j1,..-,jr} where j3 <---<jp,
and let Va € [1,7], po be the frequency of occurrence of j, in (ki,...,k,), so that
(3) TE[l,p], plv""preN—i— & p1++p7“:p
Obviously, 3¢ € Perm(p) >
(k¢>(1)7' . ')k(b(p)) = (jla' .. 7j17j21 ce 7j27' . '7j7‘7' .. 7j7‘)7
where j; is repeated p; times, j, repeated ps times, and so on. It follows that
(4) (fry X -o fkp)(ﬁi = (fk¢,(1) Koo X f’%(p)) = fﬁpl Koo X fjxrpr'
But
1 -
B VB )] = B (i - fi) by 10.3(c)

=B {(fr X% fi,)” } by 9.13(f) & A.35(c)
=B {7 % [} by (4)
But by (3), the orthogonality of f;,..., f; , and (16.10), the last integral is
H hpa (f]a)'
a=1
Thus
(5)

T

B, (VP! (fir %+ % fi,) 7] = [ e (Fi0)-

a=1

1
Vp!
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1234 P. R. Masani
Finally, by (2) and (3),

(6) G-ndr) €] & (prseospe) € {rhp
Substituting from (5) and (6) in (1), we get the desired expression for the basis. W
16.17. Corollary. Let (f)7>, be an o.n. basis for Ly(R). Then

<tha(fja) S N+,(j17...,jr) & [7"] &p17-~~7pr S N+>
a=1

is an o.n. basis for L5, cf. definition (8.11).

Proof. By (9.20) we have the orthogonal decomposition [:g Zp o Sn,- Hence an

o.n. basis for ES is obtainable by uniting the o.n. bases of all the S, Thub from the
last theorem we infer that

U { Lo, (5 7 € 1L Gt i) € 1] & (o) € {r}p}

p=0 ~ a=1

is an o.n. basis for Eg. But now since p can be any non-negative integer, the conditions
r € [1,p] and p; + - + p, = p are fulfilled by all » € N,. Hence the last basis can
be restated as in the enunciation. |

Expansion in terms of the last o.n. basis yields the following:

16.18. Corollary. (Fourier Hermite series) Let (i) (fx)3>, be an o.n. basis for
LZ(R)7 (11) Vo € Eg? Vn € N+7 V(jlv ce 7jr) € [7”] &Vpla <o Pr G N+7

1ye05P —
c?lv 7]77 - (JI, H hpa f]a )

Lo
Then

=22 e dny@ - [E )
=1 (j1,....jr)€[r] p1=1 r=1 a=1

16.19. Remarks. 1. The corollaries 16.17 and 16.18 constitute the theorem 1 of

Cameron & Martin (1947). It is deduced from the isometry of (1/+/p!)E, , cf. 10.5(c),

and the important equality 16.5 due to Ito (1951, theorem 3.1).

2. In our approach, unlike Ito’s (who uses the Cameron—Martin theorem 1 to prove
the so-called Wiener—Ito expansion (Ito 1951, theorem 4.2), i.e. prove our corollary
11.2), the o.n. bases and the Cameron—Martin results come at the end. In this respect
our approach is close to Wiener’s, who too needed the Cameron—Martin results last,
in order to develop the theory of the analysis and synthesis of nonlinear transducers
(Wiener 1958, lectures 10, 11). This important application of the Cameron-Martin
theorem by Wiener has already been discussed in Masani (1966, pp. 113-118), and
need not engage us here.

Appendix A. Integrability and integration with respect to a vector
measure p

In this appendix we review the theory of integrability and integration with respect
to a measure p with values in a Hilbert space H. In the special case H = R or
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‘H = C, the definitions and results reduce to those of the classical scalar theory, and
for the case H = Lo, they provide what is needed in this paper. We first recall some
fundamental ideas of vector-measure theory that we will need. In the sequel

‘H is a Hilbert space over R or C,

(A1) D is a é-ring over a space A, p € CA(D, H),
Dloc:={A: ACA&VDeD,AND € D}.

A.2. Definition. A set A is called p-negligible, in symbols A € N,, iff
AeD & VDeD, p(DNA) =0.

C'is called a carrier of p, iff

CeD* & VDeD, p(D)=pDNC).

A.3. Definition. YA € D¢, let
I, := {7 : 7 is a finite class of || sets in D N 24},
(a) The quasi-variation q,(-) of p is the function on D'¢ defined by VA € D',
05(A4) = sup{[p(A) : A € D24},
(b) The semi-variation s,(-) of p is the function on A € D¢ defined by: VA € D'°°,

> ald)p(4)

Aer

sy(4) = sup {

€ y,a € F™ & |a(r)| < 1}.
H

The properties of g,(-) and s,(-) are given in [MN, II, §§3.2-3.4]. An especially
useful result is
(A.4) VA e D", q,(A) < s,(A) = sup |2’ op|(A) < 2¢,(A),
W
where |o|(-) is the total variation measure of any vector measure o(-). It is easy to
see that for H =R or C, ¢, = s, = |p|. Another useful relation is that

(A.5) N,={A:Aec plc & sp(A) = 0}.
Very important is the family
(A.6) D,:={A:AecD" & s,(A) < o}

A useful lemma is the following, cf. [MN, II, 5.9 and III, C.20]:

A.7. Lemma. (a) DCD,C D =Dy & D, isa d-ring.
(b) If (E,)° in D, is such that lim,,_. E, exists and equals E € D,, then

lim s,(E,) = s,(EF) € Ryo;

n—oo

(c) the following conditions are equivalent:
() AeD,,
(B) A € D¢ & 31 sequence (Ay)p—1 in DN 24 such that

sp(A\Ar) — 0, as k— oc.
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1236 P. R. Masani

Finally we need a result from general vector measure theory (cf. Dinculeanu 1953,
p. 24, Prop. 6):

A.8. Identity principle. Let (i) P be a pre-ring over A and D = é-ring(P), (ii) X be
a Banach space, (iii) {,7 € CA(D, X). Then

E=nonP — E=nonD.
To turn to integrability, the measure p allows us to associate numbers in [0, o]
with each real-valued D'°° measurable f on A:

Vf e M(D™,B)) & VaeH, |fliae ::/Af()\)|-q:’op|(d)\),

(A.9) oo
Vf € M(D 781)7 |f|1»/3 ‘= Sup ‘f|1,x’op;

zeH/
Ja <1

and to define the class of Gelfand p-integrable functions:
(A.10) Gi,={f:fEMDB) &V €H, |fliaop <0}
It is a fundamental result, cf. [MN, I, 3.13(a)] that:

A.11. Theorem. (a) Gy, ={f:f€ M(D"By) & |f|1, < >};
(b) Gi1,, is a Banach space under the norm | - |; , when functions f, g in G, , such
that supp(f — g) € N, are identified; f € Gi , = |f(-)| € G1,p-

Letting for any non-void family F of subsets of A,

(A.12) S(F,R) := the class of F-simple functions on A to R,
it follows trivially that

(A.13) S(D,R) C Gy ,.

We define the class of Lebesgue—Pettis'® p-integrable functions by
(A.14) Pi,:=clsS(D,R) in Gi,.

The following two results on convergence in G ,, i.e. under the norm |-|; ,, are cru-
cial (cf. [MN, III, C.2 and C.18]). The first is on the almost-everywhere convergence
of subsequences of mean convergent sequences:

A.15. Corollary. Let (f,);>, and f be in G, and |f, — f|l1, — 0, as n — 0.
Then there exists a subsequence (fy, )32, & 3N € N, such that

VA € A\N, frn(N) = f(N), as k— oo.

The second result prescribes conditions sufficient to ensure mean convergence:

A.16. Theorem. Let (i) (f,)5° be a sequence in Py ,, (ii) |f.(-)| < g(-) € P1,,, and
(iii) fn(-) — f(-) on A asn — oo. Then |f, — f|1,, = 0 as n — oo, i.e. f, tends to f
in the Banach space G ,; moreover, f € Py ,.

The previous results depend only on H being a Banach space. But since H is in
13 On the issue of the appropriateness of the appellations ‘Lebesgue’ or ‘Pettis’, see [MN, II, remarks
4.15]. As for the lettering G and P, see footnote 2.

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

L |
A

o
L

J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

2 ¥

A Y
Iam \
P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Homogeneous chaos 1237

fact a Hilbert space and therefore weakly X-complete, we have (cf. Masani & Niemi
1989):

(A.17) Pip =01,
From (A.17) follows easily the Domination Principle:
(A.18) feMD,B) & |f()<PpePr, = fePi,

In particular,
(A.19) f € M(D",B,) is bounded & supp f C D € D = f € Pi.
From (A.17) it is also easily seen that

(A.20) D,={A:A€D" & xa € P1,}, cf. (A.6).
This in turn reveals the nature of D,-simple integrable functions:
(A.21) S(D"°,R)NPy, =S(D,,R).

We can now attend to the approximation of integrable functions by D, and D
simple ones. From (A.21) and the D-simple approximatability of D'°*-measurable
functions, we easily get:

A.22. Triviality. (D,-simple approximation) Let f € P, ,. Then 3 a sequence
(sn)3° in S(D,,R) such that

su() = fC) & snOITIFO] on A & Tim [s, = f]1,, = 0.

To turn to approximation by D-simple functions, the mean convergence asserted
in theorem A.24(a) below is obvious from (A.14). But the simultaneous fulfillment
of both statements asserted in A.24 requires careful proof. The following preliminary
result is needed.

A.23. Lemma. Let f € S(D,,R). Then 3 a sequence (g,)° in S(D,R) such that
Vp e N4, |g,(+)] < |f(-)] on A, and |g, — fl|1,, < 1/p.

Proof. Let f = >, _, arxa,, in standard form. Let M := >, _, |ax|. Then each
Ay, € D,,. Hence by lemma A.7(c), Vp € N, 3D} € DN 24 such that

(1) Vk e [1,r],  s,(A\D}) < 1/(Mp).

Define

(2) VpeNL, gy=) apxpr
k=1

Then obviously g, € S(D,R) and |g,(-)] < |f(-)] on A. Also, since f — g, =
> k=1 @kXa,\pp, therefore by (1),

T T
1f = gplip <D larl - [xaporli, =Y lakls,(A\D}) <
k=1 k=1

S

A.24. Theorem. (D-simple function approximation) Let f € P; ,. Then 3 a
sequence (s,)22; in S(D,R) such that
(@) Vn =1, [sn()| <[f() on A & limy oo [sn = fl1, = 0;
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1238 P. R. Masant
(b) AN € N, such that YA € A\N, lim,,_. s,(A) = f(N).
Proof. Since f € M(D"¢,B,), therefore 3(f,)$° in S(D'°¢, By) such that

(1) ful) = £C) & 1LHOITIFOl on A
It follows from (A.18) that each f, € P, and from theorem A.16 that

(2) |fo — fl1,,— 0, as n— oo.
The equality (A.21) now tells us that
(3) each f, € S(D,,R).

It follows from lemma A.23 that
Now let p € N;. Then by (2), 3n, € N such that
| fo, = flip < 1/2p.
Hence by (4),
|g£p - f|1,p < |gr€,p - fnp|1,p + |fnp - f|1,p < 1/]9
Also by (4), g, € S(D,R), and by (4) and (1),
g5, (O] < 1 fa, OISO
Letting g, := In,» We have thus shown that
(5) El(gp);il in S(O,R)>Yp=>1, g0 <IfO) & lgp— fli, <1/p.
It follows from corollary A.15 that 3N € N, and 3 a subsequence (g,, )22, such that

(6) VA € A\N, Gp,(A) = f(A) as n — oo.
Defining Vn € Ny, s,(-) = ¢, (), it is clear from (5) and (6) that the sequence
(81,)%; has both the properties (a), (b). [ |

We turn next to integration with respect to p. This is to be understood as an
operator [£, on the Banach space P; , to the Hilbert space H. The definition of E,
is in two steps. First:

(A25) Vs := Zr:akXDk S S(D,R), EP(S) = zr:akp(Dk) € H.

k=1 k=1

It follows easily that [, is a linear operator on the linear manifold S(D,,R) to H,
which is a contraction, i.e.

Vs € S(D,R), IE,(s)|n < |s|1,p-

Hence E, extends to a linear contraction on the cls S(D,,R), i.e. on Py ,. We denote
this extension by the same symbol; thus

A.26. Definition. Vf € Py ,, E,(f) :=lim, o E,(s,), where (s,)52, is any sequence
in S(D,F) such that |s,, — f|1,, — 0, as n — co. We also define the integral by

[ Fwe @) =E,(p) en
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We of course have

(A.27) VI€Prp  [Ep(f)ln <[l
The most important result on integration is the following (cf. [MN, II, 4.5(c), III,
C.18)):
A.28. Theorem. (On dominated convergence) Let
(i) (fn)s2y be a sequence in P,
(ii) Vn € Ny, [fu ()] < g(-) € Py,
(iii) AN € N, 3 lim,, .0 fu(+) = f(-) on A\N.
Then

FE€Puy N lfa=fli,=0 & E,(f)= lim E,(f)

Another which we shall need relates to the linear manifold in H spanned by the
range of the measure p and the range of the linear operator [E,. They have the same
closure (cf. [MN, Part II, 4.6]):

(A.29) clsRangeE, = S, := cls(Range p).
For two vector measures we have the following simple result:

A.30. Triviality. Let p, 0 € CA(D,H). Then

(a) Vf € M(DYB1),  flipro < [flp + | flios
(b) 7Dl,p N Pl,a g Pl,era;

@V €PLoNPro Epio(f) =Eo(f) + Eo(f)

Proof. (a) and (b) follow easily on applying the inequality for the total variation,
to wit |+ v|(-) < |p|() + |v|(+), taking p:= 2’0 p, v := 2’ o0, 2’ € H'. The equality
in (¢) obviously prevails for D-simple f, and by a limiting argument can be shown
to hold for all f € Py, NP1 6. [ |

The inclusion in A.30(b) sharpens to an equality when the ranges of the measures
p and o are orthogonal.

A.31. Proposition. Let p,oc € CA(D,H) & S, L S,. Then

(a) Vf € M(D*,B1), max{[f|ip|fl10} < |fliptos
(b) Pl,p+cf = Pl,p N Pl,a-

Proof. (a) Let f € M(D"¢,B,), 2’ € H' & |2'| < 1. Then 3,2 € H such that
(1) 2| <1 & VyeH, 2'(y)=(y,2)n
Since S, L S,, we see that

(2) r=x0+x+x2 where 0L S, +S,, z1€S, & x€S8,.
Let 2z € H' correspond to x;, i = 0,1,2, and grant momentarily that

& @’ 0 pl(-) = 2} 0 pl(-) on D",

(1) VreS, |a'opl()=la'e(p+a)l() on D

Then

(3) | fl1,2000 = |f|1z o & VzeS, |fl1er0p = | fl1a70(040)-
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Since by (2), 1 € S,, it follows from (3) that
|f|1,x’op = |f|1,a:’lop = |f|1,a:/10(p+0)

< |2yl - 1 flpre = |Z1] - 1 fl1pre < N2] - [ fl1pre < | fl1pto-

This holds for any x € H' such that |2’| < 1. Hence taking the supremum for |z/| < 1
on the LHS, we get

|f|1,p < |f‘1,p+0-
Similarly, |f|1,» < |f|1,p+o. This establishes (a) except for the justification of (I) and
(I1), which we shall leave to the reader.
(b) This follows readily on combining the inequalities in (a) and in A.30(a). W

The integration E, has of course the following ‘Pettis property’ (as can be easily
shown). Let K be a Hilbert space over F and T' € CL(H, K). Then

(A.32) TopeCAD,K)&VfePi,, f€Pirp & T{E(f)} =Er.,(f),

' VfeP, & Vo' e H', '{E,(f)} = Euop(f).
Now in the special case of interest, H = L, it is a fundamental fact stemming from
the simple inequality

Vo € Ly, [Ep(z)| < o)z, < [lcs,
that Ep € (£2)'. Hence from (A.32) we conclude that
(A.33) when H = Lo, Ve P, Ep{E,(f)} = EEPop(f).

We turn next to the invariance of Lebesgue Pettis p-integrability and p-integration
under p-measure-preserving transformations of A into A.

A.34. Triviality. Let (i) A, D be as in (A.1), (ii) ¢ be one-one on A onto A and
such that
VDeD, ¢ Y(D)& ¢(D)eD.
Then
¢ &¢71 c M('DIOC,'DIOC).

We leave the simple proof to the reader.

A.35. Lemma. (Measure-preserving transformation) Let
(i) A, D & p be as in (A.1),
(ii) ¢ be one—one on A onto A such that VD € D, ¢~ (D) & ¢(D) € D,
(iii) ¢ & ¢~ be p-measure-preserving, i.e.
vDeD,  p{¢7 (D)} =p(D) = p{6(D)}.
Then
(a) Vo' € H', ¢ is |2’ o p| measure-preserving, i.e.
VAeD,  |a'opl{¢7 (A)} = [a’ o pl(A);
(b) Vf € M(DIOC,Bl), f S Pl,p Iﬁf o ¢ c Pl,p,’
(€) Vf €Prp, Ep(f 0 d) =E,(F).
Proof. (a) Let ' € H' and = 2’ o p € CA(D,R). Then by (iii)
(1) vAeD , {7 (D)} = (D) = p{e(D)}.
Phil. Trans. R. Soc. Lond. A (1997)
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Now let A € D'°°. Then by A.34, ¢~ (A) € D°°. Now clearly m = {A;,..., A, } is
a D-partition of A if and only if 7’ = {¢~*(A41),...,¢7(A,)} is a D-partition of

¢~ 1(A). Hence by (1)
> oAy =Y A,
Alen’ Aer
Taking the suprema, we get |u|{¢~1(A)} = |u|(A), i.e. we have (a).
(b) Tt follows from (a) classically that V.f € M(D", B,),

ANN@@waWM=AM®¢waW

whence, cf. (A.9), |fod|1,, = |f|1,,- This entails by (A.17) and (A.10) the equivalence

(0).
(¢) Let f € P1,, ' € H and p := 2’ o p. Then f € Ly ,. It therefore follows
classically from (1) that

/ﬁMMmmmmnz/fmuwmm»
A A

As this holds V' € H', we have (c). [ |

The concepts of p-integrability and p-integration allow us to define for each D'°°
measurable R-valued function f on A, an indefinite integral [, f(t)p (dt) for suitable
sets A. The formal definitions are as follows:

A.36. Definition. Let f € M(D"¢,B;). Then
(a) Dp(f) :={A: A€D & fxa € Pi,}i

() VA € Dy(f), vpr(A) :==Ey(fxa).
The measure v, ; is called the indefinite integral of f with respect to p.

As basic results, easily proved, we have
D,(f) is a 6-ring C D¢ & [D,(f)]'*c = D',
(A.37) VfePr, D,(f)=Dr,
Vs (4) € CA(D,(f), H).

A result of considerable importance is the following on the semi-variation of the
indefinite integral:

A.38. Theorem. Vf e M(D" By), s,,,(A)=|f|1, € [0,00).
Proof. Let f € M(D"° B;). Then by the equality in (A.4),
(1) Su,.(4) = sup |2" o vy ¢[(4).

zeH/
EAES

Now let 2’ € ‘H'. Then by definitions A.36(b) and (A.32),
@) YDED() @ or)D)= [ xo()- SN (o p) (@),
A
It follows from (2) and a basic result on scalar measures (cf. [MN, I, 2.32(a)]), that

Ifww%®=Awam%mwM€MwL
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Substituting in (1), we get, cf. (A.9)

5., () = sup / FO]- 2 0 p (dX) =+ [ flu

zeH’/
EMES

This theorem yields the following corollary on the quasi- and semi-variations, which
is very useful for our purposes in §10:

A.39. Corollary. Let f € M(D"°¢,B;). Then

sup By (fxe)l < |fh, <2 sup [E,(fxc)l-
CeD,(f) CED, ()

Proof. Equation (A.4) tells us that

(1) qu, ; (A) < Syp,f(A) < 2QVp,f (A)

But by A.38, the middle term is | f|; ,. Also, since v, y € CA(D,(f),Roy), therefore
by A.3(a),

G, (A) = sup v, ¢ (C):= sup [E,(fxc)l-
CeD,(f) CeDy(f)
Thus (1) reduces to the desired inequalities. [ |

The indefinite integral v, ; in the special case where f is constantly 1 on A is of
measure-theoretic importance. From definition A.36 and (A.20) we see at once that

(A.40) { for f=1onA, D,(f)={A:A€D*&xs€P,}=D,
T lE VAED). v4) =Byl

For brevity we write p(A) instead of v, 1(A). Obviously, cf. (A.37),

(A.41) p C pe€ CA(D,,H).
whence
(A42) VB e D,nNo-ring(D), D, €D & D, 1 B= p(B) = lim p(D,).

n—oo
It can be shown that p is the maximal CA extension that p admits. In the very
special case that p = p € CA(D, Ry, ) it easily follows that
(A.43) p C f= Rstr.p, [p] € |u|.

The next and final proposition is needed in the study of the Fubini theorem. Let
C, D be é-rings over the sets S and T, p € CA(C, L3) and 0 € CA(D, L2). Let

VC x D eC x D, (px0)(C x D) :=p(C)-o(D).

Then in general (p x 0)(C x D) & L3 & p x 0 &€ CA(C x D, L;). For the p and
o encountered in this paper, it turns out that p x ¢ is CA and extends to the
6-ring(C x D). For such p, o, the following result on the connection between the
negligibility classes N,, N, N, is useful.

A.44. Proposition. Let (i) C, D be é-rings over S and T,
(ii) p € CA(C, L,), 0 € CA(D, L,),
(iii) p x o € CA{6-ring(C x D), Ls}.

Phil. Trans. R. Soc. Lond. A (1997)
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Then (N, x D'°) U (C'*¢ x N;) C Npxo-
Proof. 1t will suffice to show that N, x D'°¢ C N, i.e. that

(1) VN EeN, & VYBeD", N x B € N,y
Proof of (I). Let R = ring(C x D) and D = é-ring(C x D) and let

(1) NeN, & BeD .

(2) F:={F:FeD& (pxo)[FN(N x B)] =0}

We leave it to the reader to check that

(A) R C F = a 6-monotone class.

Then as usual, F = D, i.e. by (2),
VEeD, (pxo)EN(N xB)|=0.

Thus, cf. definition A.2, N x B € N,,. This establishes (I) and shows that N, x
Dloc C pra- [}

Appendix B. Integration with respect to measures given by
Markovian kernels

Let X be a Banach space over R, p,q € N4, 0 € CA(D,, X), and let the kernel
K(-,-) on D, x R? to Ry be ‘Markovian’ in the wide sense that (i) for each h € R?,
K(-,h) € CA(D,,Rp1),"* and (ii) for each D € D,, K(D,-) € P1,. It then easily
follows that

(1) p() = /R K(-, h)o (dh) € CA(D,, X).

The question arises as to what precisely is the P; , class and whether the integra-
tion £, obeys the equation:

@ W EPu  B= [ { [ rox h)}cr(dh).

The implication on (1) == (2) does prevail when the kernel K (-, -) is an indefinite
integral, i.e. when

(3) VheRY,  K(D,h)= / k(t, h)p (dt),

where p € CA(D,, Ry, ) and k(+,-) is on R? x RY to Rgy. For then, from (1), we get

o) = [ A [ nutan o an
(1) =~ [ [ sty am buca,

by the vectorial Fubini theorem for the product measure o x p in [MN, III, 9.8(d)],

14 In ordinary Markoff theory, K (-, h) is required to be a probability measure (cf. Doob 1953, pp. 255,
613).
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the RHS(4) being the Pettis integral of an X-valued function. From (4) it moreover
follows by a substitution principle proved in [MN, IV (unpublished)] that

B0 = [ 50 [ ko @ puan
= [ { [ ste.mnan o an.

where the last equality again hails from the same Fubini theorem. By virtue of (3)
this can of course be written in the form (2). Thus with the stipulation (3) on
K(-,-), the implication (1) = (2) emerges as a corollary of the vectorial Fubini and
substitution theorems.

The objective of this appendix is (i) to show that the implication (1) = (2) is valid
without any imposition on K (-, -) beyond its wide sense Markovianness, provided that
the vector measure o is subject to a rather stringent restraint. A related objective is
(ii) to identify the class Py , when o is so restrained. The restraint in question is so
stringent that most scalar and vector measures violate it. But, as we shall show at
the end of this appendix, the important measure 1, appearing in this paper satisfies
it, and this appendix is indispensable for the integration theory of Wiener’s measure
-

Before we state the restraint on o, it is convenient to dispose of the following
preliminary lemma, which validates the implication (1) = (2) for a non-negative
measure o on B, and for integrals which can take the value oco.

B.1. Preliminary lemma. Let (i) p,q € N4, (ii) A(+,-) be a ‘Markovian’ kernel
on B, x RY, i.e.

Vh € RY, A(-,h) € CA(B,, [0,]),
VAGBZN A(Av) GM(qulg[O,oo])a
(iii) p € CA(By,[0,00]), and (iv)

A€ B, v(A) = / A(A, h)p (dh).
Ra
Then (a) v € CA(B,, [0, c]);
(b) Vf € M(By,Bjo,]) (cf. p. 1185 for By o))
[ sown= [ { [ o @ e .0

Proof. (a) Let Vk € Ny, Ay, € B, be || and A = |J;_, As. Then by (ii), Vh € RY,
A(A,h) =377, A(Ag, h), whence by (iv),

oo

v(A) = /R { ,i A(Ay, h)}u (dh) =) v(Ap).

k=1
Thus (a).
(b) First let f ="', a;xa, € S(Bp,Ro1). Then by (iv),

E.(f) = ;%V(Ai) = Zai /Rq A(A;, h)p (dh) = /Rq {gai/l(Ai,h)},u(dh).
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Since the integrand is [, f(t)A (dt, h), we have the desired equality for simple f.
Next, let f € M(B,, B(Ro4)). Then there exists a sequence (s,,)72; in S(B,, B(Ro+))

such that s,, T f on RP. Then a straightforward argument involving three applications

of the monotone convergence theorem yields (b). |

We now state the restraint on . Guided by the uses we have in mind, we shall
take X, the range of o, to be a Hilbert space. Accordingly, we shall formulate the
restraint as follows:

‘H is a Hilbert space over R
(B.2) o € CA(Dy, H) is such that 3c € Ry 3
vy 2 0 in 7)1,07 |g|1,0 < C|EU(g)|H

The properties we assign to the Markovian kernels K (-,) are the following, where
D, ¢ € Ny:
(i) K(-,-) is a function on D, x R? to Roy,
(ii) Vh € R, K(-,h) € CA(Dp, R4 ),
(iii) VD € D,, K(D,-) € Py, where o is as in (B.2),
(iv) VD € D™, K(D,-) is symmetric on R? to Ry

(B.3)

The symbol |K|(-, k) will denote the total variation measure of the measure K (-, h).
The analogues of the properties (B.2), (ii)—(iv), for |K]|(-,-) are given in the next
result, the simple proof of which we leave to the reader:

B.4. Triviality. Let K(-,-) be as in (B.3), and Vh € R?, |K|(-,h) be the total
variation measure of K(-,h). Then

(a) |K|(-,-) is a function on B, x R? to [0, oo];

(b) Vh € R, |K|(-, h) € CA(By, [0, o0]);

(C) VB € By, |K|<Bv ) € M(Ban[O,oo]);

(d) VB € BY™, |K|(B,-) is symmetric on R? to [0, oc].

Our derivation of (2) from (1) is heavily dependent on the extension p of p on the

augmented 6-ring (D,),, cf. A.6. These two entities must therefore first engage our
attention. For them we have the:

B.5. Main lemma. Let
(i) H, o be as in (B.2) and K(-,-) be as in (B.3),
(ii) VD € Dy, p(D) := [p, K(D,h)o (dh).
Then
(a) p e CA(D,,H);
(b) Vo' e H' & VB € B,

o nl(B) < [ K| 1a" 0 (@) € 0.0
Ra
(¢) (Dp),={B:BeB, &|K|(B,) € Pio};
(d) VB € (Dy),, p(B) = [p, |KI(B,h)o (dh).
Proof. (a) From (B.3)(ii), and (ii), it is clear that
(1) p € FA(D,, H).
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Next let Vn € Ny, D,, € D, & D,, | . Then by (B.3)(ii), (iii), Vh € RY,
(2) K(D,,h) |0 & VneN,, K(D,, ) < K(D1,") € P1o-
By (2) and the dominated convergence theorem A.28,

(3) p(D,) = K(D,,h)o (dh) — Oc (dh) =0, as n — oo.
Ra Ra

By (1), (3) and the Kolmogorov condition, we have (a).
(b) Let 2’ € H' and first let D € D,. Then

(@’ 0 p)(D)| = \ [ K1) o 0) @)
Ra
whence it follows easily that
' 0 p|(D / K(D, b))z’ o o (dh).

Next let B € B, and D,, € D, & D,, T B. Then, using the monotone convergence
theorem:

2" 0 p|(B) = lim [2" 0 p|(D / [K|(B, ) - |2 0o (dh) <
Thus (b).
(c) Let B € B,,. Then we have to show that
(I) B e (D,), <= |K|(B,)€Pi,.

Proof of (I). Let B € (D,),. Then by (A.6), s,(B) < oo, and by (A.42), for D,, in
D, such that D,, T B, we have

(4) p(B) = lim p(Dy) € H.
Also,
(5) |K|(B,h) = lim K(D,,h) €[0,00].

Now by (B.3), each K(D,,,-) >0 and K(D,,-) € P1,. Hence by the crucial (B.2),
[K(Dn, )10 < ¢ [Eq{K(Dn, -} =: ¢[p(Dy)].

Letting n — oo in this, it follows from (5) and (4) that || K|(B,-)|1,» < ¢|p(B)| < oo,
since B € (D,),. Thus by A.11(a) and (A.17),

[K|(B,") € Pro-
Next, let B € B, and |K|(B,+) € P1,,. Then taking the sup,/ <, in the two terms
in (b), we get
5p(B) < ||K|(B, )1, <00, since |K|(B,-)€ Pi,.

Hence B € (D,),. This establishes (I) and proves (c).
(d) Let B € (D), and let, as in (4), D,, T B. Then, cf. A.42.

(6) p(B) = lim p(D,):= lim | K(Dn,h)o (dh).

n—oo n—oo Rq
By (5), K(D,, ) — |K|(B,-) & Vn € N_, |K(Dy, )| < |K|(D,,-) < |K|(B,-). But by
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(¢), |[K|(B,-) € P,. Hence by the dominated convergence theorem A.28, (6) reduces

to
o) = [ IKI(B. 1o (),
Thus (d). |
We turn next to integration with respect to the measure p under consideration.

Paraphrased in terms of integration, the results B.5(c), (d) read:

VB € B,, xB €P1, xs(t)K (dt,-) € Py,
Rr

and when xp € P,

| xstwtan = [ KiB. e @ = [ { [ xa(x (@t h>}a (dh).

Our goal is to show, cf. B.8, that this result generalizes to arbitrary measurable f.
It is convenient to first dispose of the case of (D,), simple functions f:

B.6. Lemma ((Dp), simple f) Let (i) K and p be as in (B.3) and (B.5)(ii), and
(i )feS{( ]R} Then

(CL) fRP ) € 7)1 o5

(b) pr qu f (o dh);

(¢) when f is symmetnc on RP f(+) is symmetric on RY.
Proof. (a) We first assert that

(I) VBe(D,), & VheR? / xs(t)K (dt,h) = |K|(B,h) € [0, c].

Proof of (I). It is a fundamental fact that for any non-negative CA measure v
on a é-ring D, v C |v| € CA(D",[0,00]), and that E, = E,;. Applying this to
v=K (-, h) for h € R?, we have Vh € RY,

/ X (B (dt, h) = / x5 (®)IK] (At h) = |K|(B, ).
Rp Rp

Thus (I).
Now let f =37 a;xa, € S((D,),,R). Then by (I),

(1) fe) = . fOK(dt, ) = ZailKl(Ai,‘)-

Since A; € (D), therefore by the B.5(c), each |K|(A;,-) is in Py ,. Hence so is the
sum f(-). Thus (a).
(b) We have

(@) =3 a [ xa @) =3 aip(a)
= Zaz |K| Ay, h)o (dh), by B.5(d)

- /R { 2_ lK(4: h>}<f (@)= [ o), by (1),

Thus (b).
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(c) When f is symmetric, then by (1.45), we can take each A; € B;Y™. Hence by
B.4(d), each |K|(A;, ) is symmetric on R?, and therefore by (1), so is f(-). Thus c. &

It is also convenient to note the equivalence of the following conditions valid for
any measurable f:

B.7. Triviality. Let K and p be as in (B.3) and B.5(ii). Then the following condi-
tions are equivalent:

(a) fe M(B,,B1) &

s [ { [ 101 K @i ool < .
z'er’ JRa Rp

o/ <1

(B) f € M(B,,B1) & 3N € N, > Vh € RI\N,

f € Ll,K(-,h) & /]R |f(t>|K (dt, ) € PI,U-

Proof. Let («) hold, and write
VheR! o) = [ 0K (A1) € b,oc)
Rpr

and
N:={h:heR? & &(h) = oc0}.
Then (o) asserts that

sup / @(h)|z' o o| (dh) < oo,
Ra

z/eH/
EAES

and from this it easily follows that s,(N) = 0, i.e. N € N,. Thus 3N € N, such
that Vh € R7\N,

(1) / FO)K (At h) = B(h) <00, ie. [ € Lugim.

Moreover, («) tells us that |®|; , < oo, i.e.

(2) / If(t)|K (dt,) = @(-) € P1,os by A.11(a) and A.17.
Rp

By (1) and (2), we have (3).
Next let (3) hold. Then (2) holds. Hence by A.17 and A.11(a),

Lo - /q /p |F(£)|K (dt, h)

/
Ed

o> | [ 1wl ar, oo | (dh),

i.e. we have («). [ |

B.8. Main theorem. Let (i) p, ¢ € Ny, (ii) the measure o be as in (B.2) and the
kernel K (-,-) as in (B.3), (iii)

VDeD,  p(D):= [ KD h)o(dh).
Ra
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Then
(a)
Py, = {f : fe M(B,,By) & IN € N, 5 Vh € RI\N,
feLlK(h)&/ t)| K (dt, )6731,0};
§ (b) for f € P1, & N as in (a), letting Yh € RI\N, f(h) := [q, f(t)K (dt, h), w
ave

fePLe & Eo(f) =E,(f)

(¢) when o is permutation-invariant on D,,

f is symmetric on R? = 3N € N™ 3 f(.) is symmetric on RY\N.

Proof. (a) C. Notice that the RHS(a) = {f : f satisfies B.7(3)}.
Case 1.Let f € Py, & f(-) = 0. Then by A.21, there exist (s,,)52, in S{(D,),, Ro+}
such that

(1) 0<su() 1 /() on R
Hence by the dominated convergence theorem A.28; and B.6(b),

E,(f) = lim E,(s,) = lm E,(s,).
Now since s, > 0 and K(-,-) > 0, therefore
5n() ::/]R sp(t)K (dt,-) =0
Also by B.6(a), $, € P1,,. Hence by the crucial (B.2), |51, < ¢|Ey(5,)]. Thus
2) T [5als.0 < ¢ T [E,(3,)] = /B, (/)]

To evaluate the LHS(2), note that by (1) and the monotone convergence theorem,
as n — o0,

§AMri4fAﬂKMLMT \fI()K (dt,h),  heRY.

Hence for a fixed z’ with |2'| < 1, again by the monotone convergence theorem,

/Rq { s f(t)K (dt, h)}x' ool (dh)
= lim ) 4, (h)|2 o 0| (dh)

n—o0

< Tm sup [ [8.(0)]- |2’ 0ol (dh) = T [3,1,
n—o0 /cn’ JRa n— 00
J2]<1

S cEo (£, by (2).
Taking the supremium for |2'| < 1 on the LHS, we get
swp, [ { [ 50 @) fia’ ool (an) < B, (1)
sz /e Ue
Phil. Trans. R. Soc. Lond. A (1997)
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But since f € P ,, the RHS < co. Thus f satisfies B.7(«), and therefore the equiv-
alent B.7(3). Thus f € RHS(a).
Case 2. Let f € Py ,. Then by (A.15), |f(:)| € P1,, and |f(-)| = 0. Hence by Case

sup /Rq {/Rp |f ()| K (dt, h)}|x’ ool (dh) < coo

ERES

1

)

i.e. B.7(«) holds, and as before, f € RHS(a). This completes the proof of C.

Proof. (a) 2. Let f € RHS(a). Then f satisfies B.7(/3). Thus there exists N € N,
such that Yh € RI\N,

feuen & [ IO @) Py

It follows from (A.17) and A.11(a) that

®) s=sup [ { [ 15001 @t fla’ ool an) < o

|z’ |<1

To show that f € P ,, it will by (A.17) and A.10 suffice to show that
(I) V' e H, / If(@)] - |2 o p|(dt) < oo.
Proof of (I). Let 2" € H'. Then by (iii),
VD € D, (z' 0 p)(D) = K(D,h)(z' o0)(dh),

Ra
whence by a routine argument,

4) VBeB, |t'op|(B / \K|(B,h)|(2/ 0 )| (dh) =: i (B), say.
It follows from (4) that
(5) £ 10 pl () < [ 1)) (@) < o
Rp Rp
But by the definition of p,/ in (4) and lemma B.1(b),
ritse) = [ { [ il mi@nn ool @m < g < ooy (3
Ra Rr

Thus (5) reduces to (I). This finishes the proof of (a).
(b) With f € Py, and N as in (a), let Yh € R?\N,

() F(h) = / (K (dt, 1),
Rr
First note that by B.6(a), (b),
(6) Vse S((D,),.R), 3eP, & Ey(s)=E,(3)

Now since f € Py ,, therefore by theorem A.22, there exist a sequence (s,)r2, in
S((Dy),,R) such that

(7) su() = fC) & [sn()ITIFC)] on R

Phil. Trans. R. Soc. Lond. A (1997)
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Homogeneous chaos 1251
By (7), the dominated convergence theorem A.28 and (6),
(8) E,(f) = lim E,(s,) = lim E;(5,).

Now let h € RY\N, where N is as in (a). Then since by (a), f € Ly k(. 1), therefore
by (7) and Lebesgue’s dominated convergence theorem,

(9) lim §,(h) := lim [ s,(t)K (dt,h) = s F(OK (dt, h) = f(h).

n—oo n—oo RP

Moreover, by (7) and (a),

130 ()] =

[ s ->' < [ sl (@
(10) < /R I (@) € P

By (9), (10) and the dominated convergence theorem A.28,

E,(f) = lim Ea(3,) =E,(f), by (8).

Thus (b).
(¢) Let f be symmetric on RP. Then by 1.44, we may assume that the s, in (7)
are symmetric. A repetition of (9), which recall holds for h € R7\ N, yields

(11) IN e N, 3Vh e R\N,  f(h) = lim §,(h), by (5).
Since o is permutation invariant, Vi) € Perm(q), N¥ € N, and so
NCN= |J Neapm
EPerm(q)

Since R?\ N is symmetric, we conclude that Vi) € Perm(q),
h € R\N = h¥ € R1\N C RI\N
= f(h") = lim §,(h") = lim &,(h) = f(h), by (11) and B.6(c).
Thus f is symmetric on R9\N where N € N&™. Thus (c). [ |
Finally, let us note that the restriction (B.2) holds in the cases:
H=R & oce€CA(D,Rp;), with c=1,
H=Ly, & o =n, (definition 9.6) with c¢= /¢l
We have:

B.9. Lemma. (a) Let 0 € CA(Dy,Roy), f € L1, and f(-) > 0 on R? Then

|flie =1-[Es(f)l.
(b) Let g e Ny, f € P1y, and f(-) =0 on R?. Then |f|1,, < ¢ |Ey, (f)|c,-

Proof. (a) This is utterly obvious since now o C |7|.
(b) Since f(-) > 0 on R?, we see from 11.4(a) and 10.8 that

[fline S V@ Fl2e, <V E, ()]

Phil. Trans. R. Soc. Lond. A (1997)
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Taking f = xp, D € D, the restraint (B.2) reduces to s,(D) < c|lo(D)|y. For
‘H = R, this further simplifies to

|o](D) < ¢lo(D)].

This inequality is violated by the simplest R-valued measures, for instance, by o(D) =
> ke, np(—1)*, D € Dy, for which |o|(D) = #(N; N D), and D = {1,2} provides a
counter-example.

It is thus clear that most measures, scalar and vector, violate the restraint (B.2).
However, as B.9 shows, the measure 7, has the demanded ‘non-negativity’ typified in
the equality § 1(3). For the measure 7,, the use of the implication (1) = (2) enables
us to make a working principle out of the heuristic rule given in 12.8, and accordingly
plays an important role in the integration theory of Wiener’s measure &,.

Appendix C. The ratio of finite sets of positive integers

Let B be a finite set of positive integers and A C B. To study the relations between
the (binary-celled) partitions in the classes IIy and IIg, when A and B have even
cardinality, cf. (1.16), we need to introduce a binary operation |, whereby A|B is
another finite set of positive integers.

C.1. Definition. Let (i) 0 # A C B C [1,p],
(11) B:{bl,bg,...,bﬁ}, where 1<b1<b2<"'<bﬁ<p,
A={bi,bi,,..., b}, where 1<i3 <is<--+<iy<p.

Then we define the ratio A|B to be the set A|B := {iy,42,...,14}. For completeness
we let 0| B := (.

As the cancellation in the equality in C.3 below indicates, we should think of | as
a division, and of the set A|B as the ratio of A over B. Obviously A|B C [1,#B] and
#(A|B) = #A. Tt is good to also consider the ratio (B\A)|B. We obviously have the
following lemma:

C.2. Lemma. Let() #AC B C[l,p| & a:=#A, 3:=#DB. Then
(@) AIB, (B\A)B C [1.6], 4(AIB) = a, #{(B\A)|B} = #(B\A) = 4 — a;
(0) (B\A)|B = [1,8]\(4|B), (A|B) = [1,8\{(B\A)|B};
(c) in case A= B, A|B=[1,8] & (B\A) = 0.

Ezample. Let p = 12, A = {2,6,7,10,12} & B = {2,5,6,7,8,9,10,12}. Then
a=50=8,AB=1{1,3,4,7,8} and (B\A)|B = {2,5,6}.

C.3. Lemma. Let (i) 0 # A C B C [1,p] and (ii) P € P,. Then (Pg)ajp = Pa,
the notation being as in 1.9 and (1.34).

Proof. Let as in C.1,

(1) B =1{by,by,...,bg} where 1<by<by<--<bg<p,
(2) A:{bilabiza”'vbia} where 1<Zl <’i2 < - <ia <ﬂ,

and let P = P! x P2 x --- x PP, P* € P;. Then by (1) and 1.35(b),
Pg=Pr xP2x...xP%»=Q' xQ*x---xQ°, say.

Phil. Trans. R. Soc. Lond. A (1997)
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Homogeneous chaos 1253
Since A|B := {i1,12,...,14}, therefore,
(PB)ajp = (@' x Q% x - x QB)A\B Q" x QP x - x Q'
= PP x P%: x ... x Pbe since QF := PP
=: P4, Dby (2) & 1.35(b).
|

Let B C [1,p] and #B = 3. We claim that every subset J of [1, f] is a ratio (A|B)
for some subset A of B, and that this A is uniquely determined by B and .J, thus:

C.4. Triviality. Let p e N, and 0 # B C [1,p|. Then

(a) 2b#Bl = fA|B : A C B};

(b) given J C [1,#B], 3 exactly one AC B> J = A|B;

(c)Vae [1,#B],{J: JC[1,#B] &#J=a} ={A|B: AC B & #A=a}.

Proof. (a) By C.1(ii), A|B C [1, #B]. Hence RHS(a) C LHS(a). Next let 3 := #B
and take a member J of the family on the LHS(a), say J = {j1,J2,- -+, Ja}- Suppose
that B = {b1,bs,...,bg}. Then obviously a < 3, and taking A = {b;,,...,b;,}, we
have by C.1, J = A|B. Thus LHS(a) € RHS(a). Thus (a).

(b) Let J = {j1,---,Ja} € [1,5]. Then by (a), 3A C B such that J = A|B. Let the
members of B and A be as in the previous paragraph Now suppose JACB> A|B =
J. Since A C B, therefore 3n € [1, 8] and Jiy, ..., i, such that A = {b;,,b;,,...,b;, }
Where1<zl<z2< - < iy, < B. Thus

J=A|B = {iy,...,in}.
Since J = {j1,...,Ja}, it follows that n = « and 41 = j1, ..., %4 = ja, and therefore,
A={b;,biy, . b} = {bjy, bjy, . b} = A

Thus (b).

(c¢) Let J C [1,[]. Then by (b) 3 exactly one A C B such that J = A|B. Now fix
a € [1,5]. Then to prove (b) we have only to show that #.J = a <= #A = «. But
this follows from C.2(a), since #J = #(A|B) = #A. Thus (¢). [

The next result comes in handy in establishing a connection between the canonical
coefficients ~7, 7§ and ’yZ:?j where 0 < j < k < [p/2], cf. 15.3.

C.5. Lemma. Let (i) p € N, and f be a function on 2['? (ii) C C [1,p] and
¢ := #C'. Then

VvdeN, 3 c<d<p, > f)= > HD\O)CY,
JC[1,p—c] CCDC1,p]
#J=d—c #D=d

where C" := [1,p]\C.
Proof. Let d € Ny and ¢ < d < p. It will suffice to show that
(I {J:JCl,p—c&#J=d—c} ={(D\O)|C":CCDCIl,p & #D = d}.

For by (I) the two summations of the values of f in the lemma are over the same
subfamily of 2(171, and are therefore equal.
Proof of (I). Since #C’" =p —cand d — ¢ € [1,p — ¢, therefore by C.4(c),

(1) LHS() = {A|C" : AC C' & #A=d — c}.

Phil. Trans. R. Soc. Lond. A (1997)
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Now let A C C" and A|C" € RHS(1). Then A C C’||C and #A = d — c. Hence
D:=AUCCIl,p] & #D=#A+H#C =d.

Since trivially A = D\C, it follows that

(2) RHS(1) = {(D\C)|C": C C D C[1,p] & #D =d} =RHS(I).

Combining (1) and (2) we get (I). [ |

So far binary partitions have not entered into this appendix. Now let A C B C [1, p|
be such that #(B\A) = 2r is even. Then, by C.2(a), #{(B\A)|B} = 2r also, and
we can consider the classes of partitions IIp\ 4 and Il p\ 4y 5. These classes have the
same cardinality as,, cf. (1.17), and each partition in them has r cells. A one-one
correspondence on I\ 4 to Il g\ 4y can be set up in many different ways. Now let
P € P,. Then since B\A C [1,p| and #(B\A) = 2r, it follows from (3.10) that

Vi€ Opa,  P(x):= X P(A)eP,.

Aer

Also, Pg € Pyp, (B\A)|B C B and #{(B\A)|B} = 2r. Hence, again by (3.10),

Vﬁ'EH(B\A”B, PB(ﬁ') = A>€<7 PB(A)€P7-.
We proceed to show that corresponding to every m € Ilp\ 4, there is a unique T €
H(B\A)|B such that VP € Pp, PB(fT) = P(W)

Let » € [1,[p/2]] and ® € IIP. We shall apply the considerations of the last
paragraph, taking A = M, := *wUn*, and taking B to be such that M, C B C [1, p].
We wish to associate with , a partition 7 in II#? such that M, = M,|B. We have
the following result:

C.6. Triviality. Let (i) p e Ny & r e [1,[p/2]],
(i) m={Ay,..., A} € IIP,
(i) My C B :={b1,...,b5} C[1,p], by <--- < bg, §=>2r,
(iv) Vk € [1,r], min Ay = b;, & max Ay, = b;,,
(V) = {{ilvjl}a SRR {ZT7JT}}

Then (a) 1 < iy < --- <i,; each {iy,jx} C[1,8] & 7 € II?;
(b) Mz = MW‘B;
(¢) VP € P,, Pg(m) = P(m), where Pg is as in (1.34).

Proof. By (iv) and (v),

(1) b, =min Ay <min Ay, =b;,_,

and by (iii)

(2) b;, = max Ay < max B = bg.

Since by (iii), (b1, ba, ..., bg) is increasing, it follows from (1) and (2) that
vk € [1,7], e <ipr1 & jp < 0.

From this and (v), we have (a).
(b) By (iv),

Mﬂ: U Ak:{bi17bj17"’7bir7bjr} g {blv’bﬁ}:B

k=1
Phil. Trans. R. Soc. Lond. A (1997)
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Hence by (v) and the definition C.1 of the division |,
Mfr = {ila.jla e 77:7’?j7‘} = M7r|B

Thus (b).
(c) Let P = P! x --- x PP € P,. Then by (ii) and (iii),
(3) Q:=Pg=P" x-..x P ¢ Pg.

Now by C.2, M,|B C [1, /], and by (b), My = M,|B. Hence by (3), (3.10) and (iv),

r

Po(m) = Q(m = X @(d) = X(@"neH)
= k>:<1 (PYk x Qr), since Q¥ = P, by (3)
= A>E<W P(A) = P(x), by (iv).
Thus (c). [ |

C.7. Definition. Let p € Ny, r € [1,[p/2]] & 7 € II?. Then VB such that M, C B C
[1,p], the (unique) partition # € II#5 given in C.6(v) is called the canonical M,|B
associate of 7. Thus, if

B:{bl,...,bg} & b1<"'<b5 & 7T:{{bil,bjl},...,{bir,bjr}},

then 7 := {{ilvjl}v R {Zw]r}}

Note. Since Mz = M;|B, by C.6(b), therefore @ € II);, |5, and by C.6(c), Pp(7) =
P(r).

Let A C B C [1,p| and #(B\A) be even. We shall now show that every partition
in I g\ 4)|B is the canonical associate of a partition in IIp\ 4, i.e. that the canonical
correspondence is ‘onto’.

C.8. Proposition. Let (i) pe Ny & r € [1,[p/2]], (ii) A C B C [1,p] and #(B\A)
be even, (iii) 7 € IIp\a and T € Il p\ a)p be the M,|B canonical associate of .
Then

(a) H(B\A)|B = {ﬁ T E HB\A} = H(B\A)|A'; where A’ = [1,p]\A,‘
thus the canonical correspondence m — 7 is one-one on Ilp\ 4 onto Il g\ Ay B;

(b) VP € P, & Ve Il a, P(r) = Pp(7).

Proof. (a) Let m € IIg\ 4. Then by C.6(b), Mz = M,|B = (B\A)|B, and therefore
T E U(B\A)\B- Thus 7 € UB\A — T c U(B\A)\B-
To show the reverse implication, let

(1) B = {by,by,...,bg} where 1<b; <by<---<bg<p,
(2) B\A = {b;,,bi,,...,bi,,} where 1< i3 <ip<--+<iy <f.
Then by the definition of |,

3) (B\A)|B = {i1, iz, ..., i }-

Now let 7" € II g\ ay - Then by (3),

(4) LR ST O 5 (IRL %% SRR CSY 8 § &
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where
(5) i Ly, <dpy <<y, & iy <t & .00 & i, <y, <.
(6) {ipnstvgs ooyt = {i1,...,i,} = (B\A)|B
Now define
(7) mwi= {{biul 5 bim }, {bi#2 y bil,2 }, ey {biur s biur }}
Then obviously from the inequalities in (1), (2) and (5),
bil < bil"l < bi#g < e < biur’ & biul < bi,,l & ... & biﬂ-r < biw < b2r;

and by (6) and (3),
{biu1 ybiy s ybi, i, } ={bi,,..., b, } = (B\A)|B

Hence by (7), m € II g\ a)|B-
It follows from (7) and C.6(v) that

(8) ™= {{é’#l7iul}7{iﬂ27iy2}7‘"7{2.,“47'71'1/7‘}}7

i.e. by (4), @ = n’. We have thus shown that Vn’ € Il g\ ), 37 € IIp\ 4 such that
7 = 7’. This establishes the implication: 7 € Il g\ 4y B = T € IIp\ 4. Thus we have

m€llpa < 7€ lpuas,

which establishes the first equality in (a).
As for the second equality in (a), note that B\A — A'\B’, and B’ C A" C [1,p].
Hence, applying the first equality,

H(B\A)|A’ = H(A’\B’)\A’ = {77' e HA’\B/} = {7_1' S HB’\A’}-

This proves (a)
(b) This just repeats C.6(c). |

Index of notation

Symbol Location ap 1.1(z2)
SO RSN R ploc (1.3),
LHS, RHS 1.1(a) (A1)
Rstr.4 f, F, R, C, N 1.1(a),(b)  La (1.3)
R,, N, Ros, Nos 1.1(b) CAOS(D, £,) 1.6
(a,bl, [a,b], [m,n] 1.1(c) D,, By, Py, Ry, 1.9
RP, RO 1.1(d) ly, 60|, D, 1.9
M(F,G) 1.1(e) JFsynm 1.9
(A), dls, &(A) R, (1.10
L(X,Y), CL(X,Y) 1.1(f) ¢, on P, 1.13
FA(R,Y,), CA(R, o) 1.1(g) i, o, w0, *m, 7 1.16
M, S 1.1(g) mr, M,, M. 1.16
o-alg(F), o-ring(F), etc. 1.1(g) X1 A; 1.30
Ee(f) L1(h), Pur 1.31

(A.25), ou(A), o3/ (A) 1.32
A.26 Perm(p) (1.36)
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£, A:zrl 1.37 A¢ (8.13)
o f 1.39 Mp.g> Cpg (9.1)
Eo, fo 31 77p, Cp 9.6
P(A), P(r) (3.10) Ep i (9.15)
a™(P) (3.11) Jrta (11.11)
e o
Ly I RE 4(12 1)9 67 (7). fo(r,h), I, 12.2

6 2(b) HE(f) 12.9(d)
I(m,p) 4.3 HP(f), MP 12.11
ke &5 FL0), ME(F) 12.11

x() : Forme [P0 & i=0,1,2 14.5
AL (h) 4.10 T, Ay, T 14.5(a), (b)
A (D, h), (D, h) 4.13 By, B2, B, B2 14.5(a), (b)
|)‘§rq|(7h)7 hlﬁ(vh) 4.17 [TO»hlL {7_07h2} (148)
Iy (DaE> 5.1 Hp(mo) (16.2)
§p on Dy 5.6 hy(f) (16.8)
p== p (5.14) a,(A), 5,(A) A3
& (D), &(D) (5.16) (A.5)
¢-distortion of « 6.4 Dp (A.6)
(¢, 7)-permutation 6.4 |le wiops | flLp A9
M-extension ¥y 6.6 Gi, ’ (A.10)
m-extension ¢, 6.6 S(F,R) (A.12)
h (6.11) P1, (A.14)
P 0.12 E,(f) (A.25),
[1]2Y, 7.2 A.26
0-4,1-A, (A, aset) 7.4 D,(f), vps(A) A.36
£5. (£9)°. (25)" 1) Al c1
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References
Brooks, J. K. 1971 On the existence of a control measure for strongly bounded vector measures.
Bull. Am. Math. Soc. 77, 999-1001.

Books, J. K. & Dinculeanu, N. 1974 Strong additivity, absolute continuity, and compactness in
spaces of measures. J. Math. Analyt. Appl. 45, 156-175.

Cameron, R. H. & Martin, W. T. 1947 The orthogonal development of non-linear functionals in
series of Fourier-Hermite functionals. Ann. Math. 48, 385-392.

Dinculeanu, N. 1953 Vector measures. Oxford: Pergamon.
Doob, J. L. 1953 Stochastic processes. New York: Wiley. London: Chapman & Hall.

Engel, D. D. 1982 The multiple stochastic integral. In Mem. Am. Math. Soc. no. 265, 38.
Providence, RI: AMS.

Gross, L. 1976 Comment on [38a]. In N. Wiener Collected Works, vol. I (ed. P. Masani), pp.
612-613. Cambridge, MA: MIT Press.

Hu, Y. Z. & Meyer, P. A. 1980 Chaos de Wiener et intégrale de Feynman. Séminaire de proba-
bilites. XXIII, Lecture Notes in Mathematics no. 1321, pp. 51-71. Springer.

Ito, K. 1944 Stochastic integral. Proc. Imp. Acad. Tokyo 20, 519-524.
Tto, K. 1951 Multiple Wiener integral. J. Math. Soc. Jpn 3, 157-169.

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

|
A

J
y

Y.
¢

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
N
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1258 P. R. Masani

Johnson, G. W. & Kallianpur, G. 1993 Homogeneous chaos, p-forms, scaling and the Feynman
integral. Trans. Am. Math. Soc. 340, 503-548.

Kahane, J. P. 1968 Some random series of functions. Health Math. Monographs. Lexington, MA.

Kakutani, S. 1950 Determination of the spectrum of the flow of Brownian motion. Proc. Natn.
Acad. Sci. USA 36, 319-323.

Kakutani, S. 1961 Spectral analysis of stationary Gaussian processes. In Proc. Fourth Berkeley
Symp., vol. 11, pp. 241-247.

Masani, P. 1966 Wiener’s contributions to generalized harmonic analysis, prediction theory and
filter theory. Bull. Am. Math. Soc. 72, 73-125.

Masani, P. 1968 Orthogonally scattered measures. Adv. Math. 2, 61-117.

Masani, P. 1983 The theory of stationary vector-valued measures over R. Crelle’s J. 339, 105—
132.

Masani, P. 1985 Comment on [62b]. In Norbert Wiener: Collected Works, vol. IV, pp. 281-291
(ed. P. Masani). Cambridge, MA: MIT Press.

Masani, P. & Niemi, H. 1989 An outline of the integration theory of Banach space valued
measures. In Probability theory on vector spaces IV: Proc. of Conf. held in Lancut, Poland,
June 1987). Lecture Notes in Mathematics no. 1391 (ed. S. Cambanis & A. Weron), pp.
258-282. Springer.

Masani, P. & Niemi, H. 1989a The integration theory of Banach space valued measures and the
Tonelli-Fubini theorems. I. Scalar-valued measures on 6-rings. Adv. Math. 73, 204-241.

Masani, P. & Niemi, H. 19890 The integration theory of Banach space valued measures and the
Tonelli-Fubini theorems. II. Pettis integration. Adv. Math. 74, 121-167.

Masani, P. & Niemi, H. 1992 The integration theory of Banach space valued measures and the
Tonelli-Fubini theorems. III. Vectorial extensions of product measures and the slicing, Fubini
and Tonelli theorems. Ricerche di Matematica 61, 195-282.

Neveu, J. 1968 Processus aléatoires Gausiens. Canada: Les Presses de I’Université de Montréal.

Paley, R. E. A. C. & Wiener, N. 1934 Fourier transforms in the complex domain. Am. Math.
Soc. Collog. 19. Providence, RI: AMS.

Rota, G.-C. 1964 On the foundations of combinatorial theory. I. Theory of M&bius functions. Z.
Wahrscheinlichkeitstheorie 2, 340-368.

Segal, I. E. 1956 Tensor algebras over Hilbert spaces. Trans. Am. Math. Soc. 81, 106-134.

Traynor, T. 1973 S-bounded additive set functions. In Vector and operator valued measures and
applications (ed. D. H. Tucker & H. B. Maynard), pp. 355-366. New York: Academic.

Wiener, N. 1923 Differential-space. J. Math. Phys. 2, 131-174.
Wiener, N. 1938 The homogeneous chaos. Am. J. Math. 60, 897-1936.

Wiener, N. 1942 [Report V-168], Radiation Laboratory; response of a non-linear device to noise,
1-8, unpublished work.

Wiener, N. 1958 Nonlinear problems in random theory. Cambridge, MA: The MIT Press. New
York: Wiley.

Wiener, N. 1961 Cybernetics, 2nd edn (1948, 1st edn). Cambridge, MA: The MIT Press. New
York: Wiley.

Received 27 June 1995; accepted 18 April 1996

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

